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mass balance and kinetic equations of adsorption 
and filtration. 
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The argument of the function: 
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xvii 
0(x,y) = A function of the variables x and y used in 
the logarithmic substitution 
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4" = The rate factor parameter. 
#(u,v) = Thomas' function (which was first introduced by 
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u 
u 
o 
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I. INTRODUCTION 
The analogies among different forms of transport phenomena 
have always been a useful tool of finding solutions to the 
problems in areas which are related to each other. The simi­
larities among : 
1. Heat transfer from a liquid stream to a porous prism 
of broken solid particles as the liquid flows uniformly through 
the porous media (1), 
2. Heterogeneous ion exchange in a fixed bed of zeolite 
as a solution flows through it (2), 
3. Adsorption of impurities as air passes through a 
bed of active carbon in civil and military gas mask canisters 
(3), and 
4. Filtration of suspended solids as water flows through 
a deep bed filter media (4) have been noticed by several 
researchers. As a consequence of the analogies among these 
processes mathematical methods developed in one field can be 
useful in the other fields. 
Ion exchange, adsorption and deep bed filtration are 
based on two basic equations : 
1. A mass balance equation for conservation of mass in 
the porous media, and 
2. A kinetic equation which describes the kinetics of 
mass transfer in the system. 
2 
In this study, an attempt was made to find an analytical 
simultaneous solution for the mass balance and kinetic equa­
tions of deep bed filtration by making use of the mathematical 
methods of adsorption and ion exchange. A simplified form of 
the simultaneous solution was tested experimentally and the 
results of the theory were used to find a practical method for 
rational deep bed filter design. The effects of changes in the 
approach velocity and polymer dosage are studied and a method 
of optimization of polymer addition is suggested. The results 
of this theoretical and experimental study should be useful in 
understanding and designing deep bed filters. 
3 
II. LITERATURE REVIEW AND DEVELOPMENT OF THE PROBLEM 
A. Mass Balance and Kinetic Equations of 
Adsorption and Ion Exchange 
The mass balance equation of flow through porous media 
describes the law of conservation of mass within a flowing 
fluid. Therefore, the mass balance equations of adsorption 
ion exchange and filtration have similar mathematical forms. 
Only in the case of filtration, porosity has to be considered 
to be a function of time and depth due to the difference in 
the way that material deposits in the pores of a filter. In 
the mass balance equation of adsorption and ion exchange the 
ae' 
change of porosity with respect to time 
and the term can be replaced by 
can be neglected 
Keeping this difference in mind we can write the following 
material balance for adsorption and ion exchange (5); 
Input = Output + Change in the Element + Amount Adsorbed. 
cV3t = ° + I# dx vat + E l^dx at + Il dx at 
where 
c = concentration 
q = concentration of adsorbed material 
V = constant input rate of solution 
t = time 
X = distance in the direction of flow 
e = porosity. 
4 
Dividing both sides of the equation by (V dx dt); 
9x ^ at ^ 9t 
or for constant flow rate: 
Changing the independent variable V to: 
y = Vt - ex 
y = V - EX 
y = Volume of solution downstream 
the above equation becomes 
This has the same form of the filtration mass balance equation 
which will be derived later in this section. 
On the other hand kinetic equations which describe the 
rate of transfer of particles to the porous medium are func­
tions of the fundamental processes that take place in the ^ 
porous media. Therefore, they are complicated and hard to 
derive using solely a theoretical approach. 
If we assume that the rate of adsorption is proportional 
to the product of the amount of empty surface on the adsorbent 
expressed as a concentration and the concentration of material 
5 
in solution being adsorbed and that the rate of desorption is 
first order with respect to the concentration of adsorbed 
material we get: 
— k^(a - q)c - kgQ. 
The same equation can be obtained using statistical 
mechanics: 
6- = fraction of sites filled (analogous to q) 
(1 - &) = fraction of sites empty. 
Rate of adsorption = (Rate of hitting)(Probability of 
hitting a bare site) 
Rate of desorption = k^6 
Net rate of adsorption = 
Therefore, ^  = k^pfl - 0) - k^0. If ^  = 0, at 
equilibrium : 
k 
0 = 
_a 
'd 
k~ P 
k 
1 + P 
This is the equation obtained using Langmuir's kinetic assump­
tions . 
For very weak adsorbers or for the early stages of any 
such adsorption, Langmuir's equation can be simplified to read 
(5) : . 
at = kisc - kzq-
This yields the linear isotherm: 
q = kac 
when = 0. 
1. Bohart-Adams relationship and the bed service time (BDST) 
method 
One of the earlier theoretical studies on adsorption was 
made by G. S. Bohart and E. Q. Adams (192 0). In their paper 
(6) "some aspects of the behaviour of charcoal with respect to 
chlorine" they assumed the rate of the adsorption reaction to 
be : 
k • c • a 
and started their derivations using the equations: 
If = -kac 
If = - I -
where c = the concentration of chlorine at any distance, x 
a = the residual chlorine capacity of the charcoal and 
V = the rate of supply of chlorine expressed in centi­
meters of charcoal saturated per hour in the 
event of complete reaction. 
7 
The above equations given by Bohart and Adams can be 
derived starting with a mass balance equation such as: 
c^ q A t = (n^ - n)A 
where c_ = the influent concentration 
o 
q = flow rate 
A = cross sectional area 
n^ = total adsorptive capacity and 
n = residual adsorptive capacity. 
The terms (c^qAt) and (n^ - n)A are the input and the accumula­
tion terms. It is assumed that output equals to zero and that 
n 
a^ = — where L is the column length. Manipulation of the 
mass balance equation results in a constant rate of travel of 
"front," v; 
V = ax o 
Cm q L 
dt n^ • 
Assuming a kinetic equation such as; 
k. 
X 
"1 
c + a 7 > ca 
'2 
gives ; 
If = - kca 
9c 
= -kca. 
8 
Using the mass balance equation the second equation can 
be written as; 
9c k 
âï - - V c*' 
Using the boundary conditions; 
a' = r— = 1 when t' = kc_t = 0 
So 
ka_x 
c ' = ^  = 1 when x ' = = 0 
°o V 
when X' = x' 
when t = t' 
the above equations can be solved to give : 
E'kao v» _ 1 + ^(kc^t) 
and 
(kc t) 
2- = Ê 
(k^o , (kCot) 
e - 1 + e 
The above surface reaction theory of Bohart and Adams can 
be used to derive a useful equation which will be called the 
"bed depth service time" (BDST) method (7). 
Rewriting the above equation as ; 
ka % 
WnCCg/c - 1) = £n(e - 1) - kc^t 
9 
Since, e is usually much greater than unity; 
ln{c^/c. - 1) = ka^ ^  - kc^t 
or, 
 ^= 5^  - sn; ta(cyo - 1) 
o o 
according to the above formula a plot of t versus x gives 
a straight line with a slope of and with an intercept of 
[- anfcg/c - 1)]. Such a straight line relationship 
o 
between t and x was also observed by Mecklenburg (8)(1925). 
In his work related to gas masks he presented the formula: 
RZ = k^(V-Qh) 
where RZ = the time of resistance 
V = the total volume of coal 
k. = a constant 
o 
Q = the cross section of the filter 
h = the thickness of the bed. 
Mecklenburg also tested the above formula experimentally. 
In 1946, L. G. Sillén (3) presented the formula: 
= HV - Vg) 
o o 
= k log ^  
10 
where B = the capacity of the sorbent 
= a measure of the rapidity of uptake by the 
sorbent 
V = the volume of sorbent 
= the air velocity 
c^ = the concentration of the "poison" (solute), 
t^ = the time of resistance 
c = the concentration at t . 
r r 
According to Sillén: "If for a certain sorbent, all conditions 
are kept constant except the thickness x of the layer, and 
t^ is plotted as a function of x, one will generally as was 
first pointed out by Mecklenburg (1925), find a straight line, 
which cuts the x axis at a value x^, called the dead thick­
ness. For layers thinner than x^, t^ is practically zero 
Fig. (4)" 
A 
t 
r 
Fig. 1. Schematic plotting of tr(x) for two different gas mask 
sorbents, one (I) rapid and low capacity, the other (II) 
not so rapid but of higher capacity (after Sillén, Figure 4 
of author's paper (3)). 
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In 1946, M. Dole and I. M. Klotz (7) used Bohart-Adams 
equation and showed that a straight line relationship exists 
between phosgene break times tg and charcoal bed depth x. 
Eckenfelder (1966) applied the BDST method to the removal of 
synthetic detergent by adsorption in continuous carbon columns 
(9). In 1973, the BDST method was presented as a method to 
calculate the optimum size activated carbon system (10). 
In the theory section it will be shown that, using 
appropriate simplifications, the complicated simultaneous 
solutions of the mass balance and the kinetic equations of 
filtration can be simplified to a form which has the form as 
the Bohart-Adams or the BDST equation. 
2. Simultaneous solution of the mass balance and kinetic 
equations of adsorption and ion exchange 
In 1944, Henry C. Thomas wrote a paper on the "Hetero­
genous Ion Exchange in a Flowing System" (2). In this paper 
he considered the ion exchange between univalent ions and 
assumed a kinetic equation with two opposing second order 
reactions with velocity constants k^ and k^: 
= k^(a - p)c - kgPlcQ - c) 
where cCl,t) and p(l,t) are the concentrations of the 
cation in the solution and in the zeolite, respectively, at a 
distance 2 from the input end of the column and at time t 
after the entrance of the solution into the column. 
12 
He presented his mass balance equation as; 
where R = 3v 
V at 
o 
= linear rate of flow of the solution 
= fractional free space in the zeolite 
column 
M = over-all density of zeolite as packed in 
the column 
m = M/v^. 
He combined the above mass balance equation with the rate 
equation : 
If = F(c,p) 
by putting; 
X = l/R 
y = E t -
As a result of the combination of the mass balance and 
the rate equations he obtained a quasilinear differential 
equation ; 
3x9y + mF 
if 
lay' 
M 
9x 
= 0 
as the fundamental equation for the flow process. Assuming 
that the rate law can be expressed as an "opposing second 
order reaction" represented by the kinetic equation given 
13 
above, he was able to linearize the quasilinear differential 
equation and obtained the linear equation: 
where A = 2. O 
B = mk^a 
C = m(k^ - kg). 
By making the logarithmic substitution: 
Cf = &n {e (Bx+Ay) <5(x,y)} 
he changed the fundamental equation to a hyperbolic differ­
ential equation of the form: 
2 9 4> 
- AB0 = 0 
3 x 9 y  
Using Riemann's procedure to solve this "characteristic 
initial value" problem, he gave the solution for 0 as: 
$(x,yj = (2/ABxy) + ^(Bx,Ay) + (j)(ay,3x) 
where the function: 
u 
#(u,v) = e^ e ^ (2/vt) dt 
o 
was first proposed by Onsager in Thomas (2). Since it was 
first published by Thomas it will be referred as Thomas' func­
tion in this dissertation. 
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9 f Substituting the solution of 0 in the equation c = 
which he obtained from the mass balance equation, he solved 
for concentration c; 
I (2/ABxy) + (t)(ay,3x) 
^o (2/ABxy) + (j)(Bx,Ay) + ^(ay,gx) 
L. G. Sillen (3) gave a mathematical treatment of a gas 
or solution containing small amounts of a substance A, as it 
is filtered through a sorbent layer. He assumed that the 
process of adsorption can be written as: 
A + B -J- AB 
a b b - b 
o 
where b = the concentration of B (remaining sorptive power 
for A) 
b^ = the concentration of B at the beginning of the 
experiment 
a = the concentration of the substance A to be 
adsorbed. 
For irreversible and bimolecular (rate proportional to 
a • b) adsorption he obtained: 
(ka u) 
a_ ^ e 
'v V , ^ 
e — 1 + e 
which is a special case (k^ =0) of the general solution which 
was first given by Thomas (2). 
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Simplifications used to derive the above equation for 
kg = 0 will be presented in the theory section. 
His solution for reversible and bimolecular (reversion 
monomolecular) adsorption was: 
a 
^o , [| b (1-g) X - ka u] 
1 + i e ^ ° ° 
where 9 = + k, 
o 1 
-ka u 
C = 1-e ° % 1 
The above equation is identical with the Equation 62 of 
a second paper Thomas published two years later (5). In this 
second paper, Thomas used the same mathematical methods he and 
Onsager had developed and presented in the first paper. This 
time, he used a different form of the mass balance equation; 
and he gave simultaneous solutions for two different types of 
kinetic equations; 
(1) 1^ = k^(a-q)c - kgq 
which he referred to as Langmuir kinetics, and 
(2) Il = k^ac - k^q 
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which he referred to as linear kinetics. 
His results for the Langmuir kinetics were the same as 
for the result he had presented in his first paper. The linear 
kinetic equation gave the following result: 
§ -  =  { J  ( 2 / Â B x y )  + *(Ay,Bx)} 
°o ° 
where y = V-mx = the volume of solution downstream. 
He simplified the complicated concentration equations 
using a property of Thomas' function (j) : 
£im e ^(u,v) = 1 
U->oo 
The simplified result of the Langmuir kinetics was; 
c_ 
c 
1 + e 
similar to the Bohart-Adams equation, the above equation 
gives a straight line relationship between x and t. 
Thomas also noted that an important expression for the 
slope of the saturation curve can be obtained from the above 
equation : 
Slope at midpoint = ^ 
^1=0 
V 
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In 1947, 0. A. Hougen and W. R, Marshall, Jr. developed 
methods for calculating the time-position-temperature condi­
tions in both gas and solid during the adsorption of dilute 
gasses flowing through granular beds. They also developed 
graphical methods for isothermal adsorption by making an 
analogy between adsorption and heat transfer (11). 
In 1952, N. K. Hiester and T. Vermeulen (12) gave 
numerical solutions for differential equations representing 
the mass transfer cases in ion exchange and adsorption columns, 
They claimed that the analytical solutions of Thomas are not 
practical due to complicated functions which appear in the 
solution. They reexpressed the analytical solutions given by 
Thomas in terms of three dimensionless groups; r, s and t. 
Comparison of their results with Thomas' results shows that 
A 
r = —, s = Bx and t = ay in terms of the variables Thomas had 
a 
used. They also reexpressed the solutions in terms of a 
function J which was related to Thomas' function (|). In terms 
of these new variables they rewrote Thomas' analytical solu­
tion for C/Cg as; 
2 
"^o , _ /?[l-H(/?t-/i)]e^^"^) - l/(/Ft + fet) 
C 2 
^ /?[l-H(/?i- /t)]e^'^~'^^ + l/(/t + fet) 
where H denotes the error function. 
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They explained four cases of simplifying the above equa­
tion. In case 2, they presented the simplified equation: 
^ - 1 = (t-s) 
CA 
which is another form of the BDST equation given by Bohart and 
Adams (6), Sillén (3) and by Thomas (5). 
In 1954, Opler and Hiester published a book (13) in which 
they tabulated the values of the variables involved in fixed 
bed ion exchange and in similar mass transfer processese 
Application of the Riemann's method for the solution of 
the dynamics of adsorption appeared in a recent article (14) 
published by R. M. Marutovskii, A. M. Koganovskii, and I. G. 
Roda (1976). In this article the authors wrote their mass 
balance equation as : 
and their kinetic equation as 
If ~ 9(Beq " ' ^eq " f(c) 
a(x,0) = 0, c(0,t) = Cj^^ 
where 
c(x,t) = the concentration of the substance in the mobile 
(liquid) phase 
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a(x,t) = the quantity adsorbed by the sorbent layer 
V = the mean rate of flow calculated over the cross 
section of the apparatus 
a^q = f(c) the equilibrium adsorption isotherm 
3 = the kinetic coefficient of internal mass transfer 
Cin = the initial concentration in the flow 
t = T -K x/v where t is the duration of the process 
K = the fractional free volume of the sorbent layer. 
They used the Riemann's formula "for the case in which 
the curve on which the initial values are specified degenerates 
into a broken rectangle consisting of two characteristic seg­
ments emerging from the origin." 
For a Langmuir isotherm they presented their results as: 
V 
^in 
0.5 
in 
&n ""in - 1 + In 1 - c 
^in 
+ 1 
(for internal-diffusion adsorption dynamics) 
'0.5 
°in 
*^in 
- 1 + £n 
°in 
- 1 
(for external diffusion mechanism). 
The above equations are very much similar to the BDST 
equation presented in this section. 
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In the theory section, the mathematical methods of adsorp­
tion and ion exchange which were explained above will be used 
for the solution of mass balance and kinetic equations of 
filtration. 
B. Mass Balance and Kinetic 
Equations of Filtration 
The early theoretical studies on deep bed sand filtration 
started with the "Notes on Sand Filtration" paper of Tomihisia 
Iwasaki (1937). In this paper (15) Iwasaki introduced the 
concept of "Impediment modulus" which was also called the 
filter coefficient in the later publications. 
The mass balance and the kinetic equations of Iwasaki 
were : 
and 
+ ly = 0 (Mass balance equation) 
T 
= -XI (Kinetic equation) 
where 
y = the filtration time 
z = the depth of the sand layer 
A = the impediment modulus 
I = the quantity of microscopic matters reached the area 
2 1 cm at a certain depth z of sand bed in a unit 
time (sic) 
3 S = the quantity of microscopic matter arrested in 1 cm 
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of the sand at a certain depth z of the bed in a 
certain time. 
Iwasaki also presented some approximate solutions for his 
differential equations and stated that his results supported 
his approximate solutions. His paper was followed by the 
discussions of J. J. Slade and W. E. Stanley. J. J. Slade 
commented on the fact that Iwasaki*s kinetic equation was "a 
very simple statement, almost axiomatic, and hardly controvert­
ible as a working hypothesis." He also tried to modify the 
mass balance equation by assuming autocatalytic chemical reac­
tion for the growth of the bacteria in the sand as; 
3# + 3# = s(a - S) 
He defined a as the maximum density to which the 
bacteria will grow in the medium and b as the undisturbed 
rate of growth when colony has attained one half its maximum 
growth. 
In his discussion Slade also mentioned that it was very 
difficult to obtain exact solutions for the differential equa­
tions given by Iwasaki. He also examined the degree of approxi­
mation of the equations obtained by Iwasaki and noted that "the 
final equations approximately satisfy the differential equa­
tions from which they were derived only when the product 
6 = cl^y is less than unity. As y (and hence 6) increases, 
so does the error between the approximate and exact solutions." 
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The mathematical methods needed to solve the differential 
equations given by Iwasaki had been found long ago in the 
theoretical work on heat transfer for a liquid flowing through 
a porous media presented by A. Anzelius (16)(1926), T. E. W. 
Schumann (1) (1929) and C. C. Furnas (17) (1930). 
In 1935, at the time that Iwasaki was working on his 
laborious experiments, Rolf Eliassen was at the Massachusetts 
Institute of Technology producing experimental data on 
"Clogging of rapid sand filters." These data were published 
in 1941 (18). Later, Eliassen's data were used by many 
theoretical researchers, including Mints and Ives, to fit 
their theoretical results. 
In 1951, Mints (19) published his paper on the "Kinetics 
of filtration of suspensions of low concentration'.'" In this 
paper he used the following forms of the mass balance and 
kinetic equations : 
q (Mass balance equation) 
- ~ = bqc - ap (Kinetic equation) 
where 
q = the filtration speed 
c = the concentration of the particles in the water at a 
given instant 
p = the saturation density 
a,b = the filtration parameters. 
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The kinetic equation of Mints which is given above assumes 
that colmatage (the term bqc) and decolmatage (the term -ap) 
occur simultaneously. He presented the simultaneous solution 
of the mass balance and the kinetic equations as: 
&& + ^ lïï + ^ If - ° 
and gave the infinite series solution of the above equation as; 
where 
^n - Tn-1 " 4&TT 
and = e^^. 
In 1955, D. R. Stanley (20) published his paper: "Sand 
filtration studied with radiotracers." In this paper he 
described the results of the experiments he had made using a 
131 
radioactive isotope I as a tracer for ferric oxide floes. 
He used distilled and deaerated water and homogenized his 
floes by passing them through an orifice to obtain reproducible 
131 
results. He determined the concentration of I and from 
that the concentration of the floes in mg of Pe per ce of 
sand at various depths in the filter by means of a Geiger 
counter. 
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D. R. Stanley's "special tests" at Harvard seemed to 
refute the assumption of shearing of deposited floe and sub­
sequent deposition. After "... operating on filter for 151 
minutes, using a standard suspension containing 6.87 ppm Fe 
and then for an additional 135 minutes using a similar suspen-
131 
sion but containing no I " he concluded that "when suspended 
matter is removed from water by sand filter, it remains in 
place during subsequent filtration, and further penetration is 
caused by more recently applied matter being carried to greater 
depths in the filter." 
At the congress of the International Water Supply Associa­
tion in Brussels in 1958 (21), a controversy arose involving 
Daniel Mints, Kenneth Ives and Vladimir Mackrle. Mints 
believed that dynamic deposition and scour were taking place 
and suggested that the deposition rate was invarient with time 
and was not dependent on the amount of deposit present. Ives 
did not agree with Mints' detachment concept and suggested 
that the rate of deposition varied with time due to geometric 
changes in the filter pores as the particles deposited. 
Vladimir Mackrle in (21) tried an experiment similar to 
Stanley's "special test" by changing the conditions of the 
inlet flow of his clogged filter from the use of a suspension 
to that of clear water (Stanley did not use clear water). His 
filtrate was clear and there was no change in head loss 
distribution. This experiment has been held up as refuting 
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Mints clogging-declogging theory. Mackrle's results were 
rejected by Mints on the basis that when clear water was 
passed through the filter there was no deposition therefore, 
detachment which occurs simultaneously with attachment could 
not be expected. 
When Stanley made his experiments in 1955, he was not 
aware of Mints' theory which was published in 1951 and Mints 
did not learn about Stanley's radiotracer results until 
1960's. Mints still insisted that detachment was taking place 
because he found Stanley's technique too insensitive (21). 
After the congress in Brussels, in May 1959, Mints and 
Krishtul published the paper "investigation of the process of 
filtration of a suspension in a granular bed" in which Mints 
again presented the same mass balance and kinetic equations 
and their simultaneous solution (22). This time, however, he 
supported his theory with experimental results. They conducted 
experiments keeping all the factors affecting the course of the 
process constant but changing only one factor. In this way 
they were able to find experimental relationships among the 
variables of filtration. Their theory predicted a relationship 
between the factors X and T for the condition C/C^ is 
constant and experimentally they found that the generalized 
relation X = fg(T) is represented by a straight line. Since 
this experimentally supported linear relationship between the 
variables X and T is related to the theoretical study which 
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will be presented in the theory section, their approach to the 
problem will be summarized below. 
Mints and Krishtul used the same material balance which was 
first given by Iwasaki but their kinetic equation was different. 
It took both attachment and detachment into account. The 
deposition rate depended on the characteristics of suspension, 
flow rate and the kind of filter grains used but not on the 
amount of deposit deposited in the filter like in Ives' theory. 
Their kinetic equation was again: 
- = bC - ^  
where 
X = the distance from the top of the bed to section under 
examination 
t = the filtration period 
C = C(x,t) = the concentration of particles in the water 
at a given instant 
p = p(x,t) is the saturation density, i.e., the weight 
of retained particles in unit volume of bed 
a,b = the filtration parameters depending on the filtering 
speed, the dimensions of the granules in the bed, the 
physico-chemical properties of the suspension and 
other factors determining the filtration conditions 
V = the filtering speed. 
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The term bC refers to the degree of adhesion of particles 
and - ^  refers to the intensity of detachment by hydro-
dynamic forces. 
They used the same material balance equation which was 
presented in Mints' 1951 paper; 
They again presented the simultaneous solution: 
&§t + ^ ^ Ir = ° 
but this time instead of giving an infinite series as a solution 
they approached the problem in a different way. They assumed 
that the parameter b is a function of the filtering speed 
V, the size of the granules in the bed d, the viscosity of 
the liquid y, the density of the liquid P^ig' the Hamaker 
constant A and the size of the suspended particles 6; 
b = f(v, d, y, Piig' ' 
They also assumed that: 
V 
a =ag-
where a = coefficient for the combined effect of all the 
physical and physico-chemical properties of the 
suspension 
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According to Mints and Krishtul their simultaneous solu­
tion as an infinite series was of little utility for practical 
* calculations. Therefore, instead of applying other mathemati­
cal techniques which will be discussed in the theory section, 
they preferred to use the dimensionless terms: 
Y = C/C^ 
X = bx 
T = at 
and they changed their simultaneous solution to the following 
form: „ 
rx. + M + M = 0 
3X9T ^ 9X 9T 
where X and T are independent variables. They found that: 
Y = C/C^ 
and 
Y = f (X ,T) . 
From plots of X' vs T' they came to the conclusion 
experimentally that the generalized relation X' = f^fT') was 
represented by the straight line; 
X' = kT' + X' 
o 
where X' = the value of X' at t = 0. 
o 
Their plot of X' versus T' for different experiments and 
their experimental conditions are given below: 
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Fig. 2. Plots of X' versus T' for experiments with turbid and colored 
water (after D. M. Mints and V. P. Krishtul (22)). 
Table 1. Experimental conditions of Figure 2 (after D. M. Mints and V. P. Krishtul 
Diameter of granules Rate of filtration 
Original water in bed (in mm) (in m/hr) 
Curve Expt. Turbidity Color Dose of 
no. no. (in mg/ (in deg) coagulant 12 3 12 3 
liter) (mg/liter) 
I 4-B 10 150 100 
II 5-B 38 80 27 
III 6—B — 55 50 
IV 7-B 9 64 45 
V 1-C 7 130 50 
VI 2-C 6.5 125 45 
VII 3-C 55 100 31 
VIII 5-C 13 115 68 
0.95 0.95 
1.58 1.27 
0.95 
1.02 
5.85 6.87 8.63 
5.86 6.00 8.00 
5.70 6.70 8.45 
5.48 6.70 8.85 
6.65 6.74 6.50 
6.23 6.39 6.39 
6.32 6.39 6.36 
6.41 6.35 6.35 
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X tv Substituting the values of x' = ^ ^ ^ ^ and T' = -g-
they obtained the equation: 
^3 = E 
vl.7a0.7 V 
where 
t = time 
V = the approach velocity 
d = the size of the granules in the bed 
X = the distance from the top of the bed to section 
under examination, 
tg = the "period of protective action of the charge." 
On June 1959, Ives submitted a paper which was published 
in 1960 and contained the studies he had made in Harvard (23). 
In his derivations he used the same material balance and 
kinetic equations given by Iwasaki. He concluded that the 
revised material equation he had derived: 
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3L ^o + CO -
o 
and the mass balance equation given by Iwasaki could not be 
solved analytically and carried out his computations on an 
IBM 704 computer. 
As can easily be seen, his kinetic equation has the same 
mathematical form as the kinetic equation given by Iwasaki 
except that the X term is expanded and it contains : 
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c = a rate factor parameter 
a = a storage ratio (volume of deposited solid/unit filter 
volume) 
f^ = the initial (clean filter) porosity 
$ = another rate factor parameter 
Xg = a distance rate factor at the beginning of the filtra­
tion process when the filter grains are clean. 
Later, in 1970, J. P. Herzig, D. M. Leclerk and P. Le Goff 
(24) criticized kinetic equations written in the form: 
where 
y = the volume fraction of particles in suspension 
z = depth of filter 
t = time 
X = the filtration coefficient introduced originally 
Herzig et al. claimed that the kinetic equations presented by 
Iwasaki, Ives and others including Mints and which they 
presented in terms of their own variables as : 
t 
by Iwasaki. 
/ 
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could not be a kinetic equation. By eliminating the term 
between the above equations and their exact mass balance 
equation (here u^ is the approach velocity); 
+ «m # = « 
they obtained; 
3(2^, 
m" 
which is a kinetic equation between the moving and the retained 
particles (a + ey) and the suspension concentration y. Since 
only the retained particles can have an effect on filter 
clogging, they claimed that the equation given by Mints could 
not be a kinetic equation. 
Due to the same reasoning, the kinetic equation given by 
Iwasaki and similar equations used by Ives are not kinetic 
equations because they contain the same error explained above. 
However if it is assumed that ey is negligible with 
respect to 0, the equation ; 
can be rewritten as ; 
If - ^  V " 
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In the derivations which will be presented in the theory 
section, a kinetic equation which takes clogging and declogging 
into account and which does not contain the mistake noted above 
will be used. The equation will be in the form suggested by 
Herzig et al. (Equation 26 of the author's paper): 
where 
k^ = the capture probability per unit time, 
k^ = the decolmatage probability per unit time, 
k^ey = the clogging rate 
k^a = the decolmatage rate. 
I 
Shekhtman (25) assumed that k^e did not depend on a. 
That is he assumed that capture probability times the porosity 
was not a function of the amount of deposit accumulated on the 
media. J. Bodziony and W. Kraj (26) and others (24) regarded 
I 
only k^ to be independent, of a. 
In the following theory section just as has been 
explained above it is assumed that attachment and detachment 
are simultaneous and the attachment coefficient k^ is 
independent of the suspension concentration y and that the 
detachment coefficient k^ is also independent of y and a. 
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In February 1966, A. K. Deb and G. T. J. Fox (27) pointed 
out that the filtration equations developed by Iwasaki lack 
proper consideration of suspension at any fixed particular 
depth with time. They used the substantial derivative concept 
to modify the Iwasaki's equation to the form given below 
(Equation 22 in the authors' paper): 
where 
v^ = local fluid velocity 
/ _ Approach velocity 
b: Porosity 
\' = the impediment modulus (or filter coefficient) which 
is variable with the deposition of suspended solid 
inside the pores of the bed. 
More detailed mass balance equations started to appear in the 
literature at about this time but some of these derivations 
contained errors. The derivations of the mass balance equa­
tions by different investigators and errors there in and their 
corrections will be discussed below. 
Deb and Fox (27) made a mass balance over a differential 
element of a filter to find the continuity equation of filtra­
tion (see Figure 3). In the time interval dt, the average 
concentration of suspension entering the filter element is: 
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AT ANY TIME t 
C + dt 
^ If at V 9x 
AT TIME = t + dt 
C + I?- dx) dt 
Fig» 3. Illustration of suspended solids removal in an increment of 
time and depth (after Deb and Fox (27)). 
Cl = C + |C + dt c + 2 at 
where 
C = the concentration entering at time t 
C + dt = the concentration entering at time t + dt. 
O t 
The average concentration of suspension coming out from the 
filter element during time dt is given as Cg in the same 
way : 
^2 = C + iz dx + C + If dx c + If dxjat / 2  
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The term C + dx is the concentration which goes out at any 
time t and the term; 
c + da + it c + |§ dxi at 
is the concentration after time interval dt at time (t + dt) 
Neglecting the term 
1 9^C 
2 9x9t dt dx 
^2 C dx + 2 at ' 
They gave the mass of suspended solids removed from the flow 
during the time interval dt in the filtering element dx as 
QdtPg(Ci - Cg) = Qdtpg(C + I H dt) - QdtPg(C + 
|£ ax + ||£ dt) = - Qdtpg dx 
where = the density of suspended solids 
Q = the volume the rate of flow. 
They also presented the following expression for the 
manner in which the solids removed are accounted for in the 
incremental filter volume (the word explanation is by the 
writers of the paper): 
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Mass of suspended 
solids removed 
Mass of suspended 
solids deposited 
in the filter 
element 
Mass of suspended 
solids concentra-
from the flow in 
time dt in the 
filter element dx 
+ tion increase in­
side the pores of 
the filter element 
li dL + Apg £' at dL 
It is implicit from the definition of (which was 
defined by the authors as the volume part of the deposit/volume 
above equation to be dimensionally correct. With these 
implicit clarifications, the above equation can be written as: 
V = approach velocity. 
This equation is in error because the f' term should be 
considered inside the partial differential term because f 
changes with time. In their material balance, Deb and Pox 
gave the change of mass of suspended solids concentration 
inside the pores of the filter element as: 
3 3 
of filter) that C must be in L /L units in order for the 
where 
Pg (f'AdL)dt 
where 
f'AdL = pore volume 
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But the pore volume also changes with the variable t. This 
part of the equation should be written as : 
Ps "L at = A dL at. 
This correction will give the following result for the 
mass balance equation: 
- v f  
The difference between the following two equations comes 
3 (f ' C) 
from the expansion of —term as follows: 
3f * 
which gives the new term C which is not in their equation, 
The authors also presented the equation (Equation 35 in 
authors' paper); 
- V |§ = (1 - f„) + (f - O) |g 
which they obtain by making the substitutions given below in 
the mass balance equation they had derived; 
^s = (^(1 -
and 
f ' = f - a 
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where 
f = the porosity of the clean bed 
f^ = the porosity of the deposit 
a = the specific deposit (volume part of deposit, 
pore + solid part, per unit filter volume). 
Because of the same reasons explained above, the correct 
form of the above equation is : 
- " f = lï i 
Also, in the same paper (27), the authors gave two 
definitions of as "the density of the suspended solid" and 
"the density of suspension." Obviously the two definitions 
can not be the same. Reexamination of the units of their 
material balance equation shows that must be the density of 
the suspended solids. 
Such material balance equations which do not take the 
change in the porosity into consideration were presented by 
A. K. Deb in his two discussions (28, 29) published in 1965 
(Equations 119 and 120 in the author's paper) and in 1967 
(Equation 22 of author's paper). Also in his paper (30) 
"Theory of sand filtration" published in 1969, he presented 
the same equation (Equation 12 of author's paper). In 1970, 
G. Tchobanoglous and R. Eliassen (31) presented an equation 
(Equation 1 of author's paper) which did not consider porosity 
as a function of time. 
41 
A. M. Wright and M. C. Kavanaugh (32) in a discussion 
which was published in 1970 emphasized the fact that the 
specific deposit is a function of time. 
The effect of the term ^ might be considered to be 
unimportant with respect to the other terms of the material 
balance equation but its elimination from the mass balance 
equation or the assumption that the change of porosity with 
time is insignificant must be justified. 
The first simultaneous solution of the mass balance and 
kinetic equations of filtration was presented by Mints in 1951. 
In 1966, J. Bodziony and W. Kraj (26) presented Shekhtman's 
kinetic equation as : 
lA - P(x,t)J N(x,t) 
where 
N(x,t) = volume concentration of particles suspended in 
the fluid flowing through a porous medium at the 
point-moment x,t 
P(x,t) = the volume concentration of particles trapped 
in the porous medium at the point-moment 
a^, A = design constants characterizing the process 
(A > 0 and > 0) . 
They modified Shekhtman's equation (25) by adding a declogging 
factor [-3QP(x,t)]: 
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~ - P(x,t)]N(x,t) - 3^P(x,t) 
where 
3Q  > 0 = a constant characterizing the kinetics of tearing 
off particles from a solid body. 
They presented the mass balance equation as: 
_ 3N(x,t) . 8N(x,t) _ BP(x,t) 
^ at + Gv gx - 9t • 
However, since "it was not an easy task to get an effective 
solution of this set" they simplified the equation of kinetics 
by the approximate linear equation: 
3P 
= aN - 3P 
where 
a, 3 = positive constants. Formulating the boundry 
conditions: 
P(x,t) = P( 
N(x,t) = 0 
° for t = 0, X > 0 
N(X,t) = |N 0<t<tn,X=0 
for { 
I t ^ t^ , X = 0 
they took the Laplace transformation of the linear kinetic 
equation and the mass balance equation. Eliminating the 
Laplace transform of P(x,t) from both of the transformed 
equations they obtained the linear equation: 
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e(s + 3) 
Applying the inverse Laplace transformation they obtained the 
solution of N(x,t) for different time intervals. The solu­
tion contains the modified Bessel's function of the first kind 
of the order zero. 
For the case when the porous medium is not filled with 
dispersion fluid they restated the boundary conditions as: 
Using the same mathematical procedure they obtained the 
equations for N(x,t) and for P(x,t). Since the equations 
for N(x,t) and P(x,t) are complicated, only one of their 
solutions will be presented below: 
P(x,t) = P 
o 
for t - ^  = 0 
for 0 £ t - ^  < t 
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As was shown early in this section, H. C. Thomas (5) had 
investigated a similar case of linear adsorption kinetics for 
very weak adsorbers or for the early stages of any adsorption 
process and was able to find a simultaneous solution for mass 
balance and kinetic equations of filtration. His kinetic equa­
tion was more complicated than the simple linear kinetic equa­
tion used by J. Bodziany and W, Kraj. Therefore, he used the 
Riemann's method of solving hyperbolic differential equations: 
"The method of Laplace transform leads to a contour integral 
which is more convenient as a starting point for the discussion 
of the solution. The classical method of Riemann leads 
directly to the unique results which must be obtained" (5). 
The solutions of Thomas for adsorption which were presented 
before, also contain zero order Bessel functions of the first 
kind. Thus, starting with an analogous form of a linear 
kinetic filtration equation which is a better approximation of 
their modified form of Shekhtman's kinetic equation, J. 
Bodziony and W. Kraj (26) could have found a simultaneous solu­
tion for the mass balance and kinetic equations of filtration 
by using the mathematical method that Thomas applied to adsorp­
tion in 1948. 
At the IWSA Congress in Barcelona in 1966, Mints in (21) 
presented the mechanism of filtration suggested by Ives, Lerk 
and Mackrle and explained the experiments they had made using 
polyacrylamide as flocculant and concluded that the experiments 
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"revealed detachment and transport of flakes under the hydro-
dynamic influence of the stream." According to their observa­
tions larger flakes were carried out of the bed as the result 
of the breakdown of the precipitate structure of variable 
strength. According to Mints the influence of flocculants on 
the course of filtration was difficult to explain purely on 
geometrical ground. He claimed that "In accordance with geo­
metrical concepts, the concentration of the suspended matter 
during movement of the suspension through the upper and most 
highly plugged layers of the filter bed remains almost un­
changed" (33). That is, according to Mints, Ives' theory which 
is also called the "geometric theory" could not explain 
"limiting saturation" which he defined as the state of the 
layers close to the surface which had ceased to retain the 
suspension after prolonged filtration. 
Ives who was against the theory of detachment of the pre­
cipitate by hydrodynamic forces claimed that Mints observation 
of larger flakes in the effluent was the result of flocculation 
inside the filter as the suspended solids passed through the 
filter pores (21). 
In the 1969 Vienna Congress of the IWSA Mints presented 
results which demonstrated a rise and fall in specific surface 
similar to the predictions of Ives* geometric theory. Those 
results were obtained by a new experimental technique which 
timed the passage of a slug of electrolyte (1.25% NaCl) between 
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two electrodes inserted in the filter about 30 mm vertically 
apart. D. M. Mints and V. Z. Meltser explained this new 
technique in a paper they published in 1970 (34). This experi­
mental proof of the geometric changes in the filter were 
consistent with Ives' geometric theory but according to Mints, 
geometric theory by itself was not enough to explain the whole 
phenomena. 
C. Raga and C. S. Kalsi conducted experiments to investi­
gate the existence of detachment visually (21) , Their experi­
ments indicated scour and kaolin deposits which was more obvious 
by addition of ferric sulfate as a flocculant. The experiments 
of C. Raga and C. S. Kalsi supported Mints' dynamic effect 
theory. In the following years research on understanding the 
removal mechanism of filtration continued. In an annual 
report prepared by Wright et al. in 1970, a solution of the 
continuity and deposition equations of filtration were pre­
sented (35). The authors started with the following forms of 
the continuity and deposition equations 
+ v^ = 0 (Continuity) 
5E - Kc (Deposition) 
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and presented the simultaneous solution as : 
a 
0 
1 
^ 1 + exp(b^X*)/exp(abj^t*) - 1 
and 
C 
C 
1 
1 + lexp (-abj^t*) iiexp (b^X*) - 1} 
where 
® = Co/Oc 
bn = KgL/v 
X* = x/L 
t* = tv^/L 
= superficial velocity 
a = the specific deposit 
= critical specific deposit 
Kg = deposition rate constant 
L = filter depth 
CQ = influent concentration 
C = concentration of the suspension 
X = distance from the surface of the filter. 
In 1977, A. Adin published a paper giving the computer 
solution of the below mass balance and kinetic equations of 
filtration (4) . 
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or 
or 
where 
V 
C 
X 
a 
t 
F 
J 
V 
V = 0 (Material balance equation) 
= [k^vc(F - a)J - IkgOJ] (Kinetic equation) 
If = k^cIF - d) - kj E 
approach velocity 
the concentration of the suspension 
longitudinal distance 
amount of material attached per unit of bed volume 
time 
accumulation coefficient 
detachment coefficient 
the theoretical filter capacity 
the hydraulic gradient (the hydraulic gradient 
represents the hydrodynamic shear force) 
v t = volume of liquid passed through a unit area 
in time t 
v/J = hydraulic conductivity or coefficient of 
permeability. 
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The author used a modified form of the Shekhtman's 
formula to find the coefficient of permeability K; 
3 
K = K(a) = 
The relationship between specific deposit and the coeffi­
cient of permeability was nonlinear in the filter runs that 
Adin and Rebhun analyzed, but a linear relationship was obtained 
by plotting the square root of the specific deposit versus the 
third root of the coefficient of permeability. The intercept 
of the plot on the ordinate is the square root of the theoreti­
cal filter capacity, F, and the slope was the ratio of the 
square root of the filter capacity to the third root of the 
coefficient of permeability of the clean filter bed, K^, as 
can be seen from the above formula. 
It will be shown in the theory section (Equation 22) that 
the kinetic equation given by Herzig et al., which was 
explained in this section can be written in the following form; 
= Ik^C(e - yo)] - [kgO] 
The similarity between this equation and the kinetic equa­
tion given by Adin for J = 1 is obvious. The constant approach 
velocity, v, which appears in the accumulation term of Adin's 
kinetic equation is included in the constant k^^ of Herzig's 
kinetic equation. 
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As will be shown in the theory section by using Herzig's 
kinetic equation, it is possible to find an analytical solution 
for the mass balance and kinetic equations of filtration. The 
form of the kinetic equation given by Herzig is very much 
similar to the Langmuir kinetic equation of adsorption and the 
mathematical methods for the simultaneous solution of the 
Langmuir equation and the mass balance equation of adsorption 
were already presented by Thomas (2). Therefore, by assuming 
J = 1, that is, by using the kinetic equation given by Herzig, 
it is possible to apply the mathematical methods used in the 
simultaneous solution of the mass balance and the kinetic equa­
tions of adsorption to filtration. Such an analytical solution 
of the kinetic equation suggested by Herzig et al. and the mass 
balance equation of filtration will be presented in the theory 
section. 
The significance of the approximations introduced by 
assuming J = 1, for different choice of k^^ and k2 values, 
can be shown by comparing the breakthrough curves drawn by 
using the computer solution given by Adin (4). As it can be 
seen from Figure 4, the difference between the two breakthrough 
curves become apparent at the later stages filtration where 
the breakthrough curves obtained by neglecting the hydraulic 
gradient follow a lower course for all choices of k^ and k^. 
In the early stages of filtration which probably is the period 
which has the greatest practical importance, the effect of 
assuming J = 1 in the kinetic equation is insignificant. 
•!/ 
% 
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Fig. 4. Concentration-filtrate volume profiles for different filtra­
tion parameters. Accumulation parameter, kj (mg~^ cm^); 
detachment parameter, k2 (hr~l) (after Adin). 
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The analytical solution of the mass balance and the 
kinetic equations of filtration provides a great amount of 
insight into the phenomena of filtration. As will be seen in 
the theory section it is possible on this basis to apply the 
Bed Depth Service Time method of adsorption to filtration by 
making certain simplifying assumptions and in so doing obtain 
the design factors that are needed in generalizing and pre­
dicting the performance of a filter. 
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III. THEORY 
The phenomena of particulate removal during filtration 
through a porous granular bed is extremely complicated. The 
innumerable variables that affect the phenomena necessitate the 
use of simplifying assumptions and the accuracy of the mathe­
matical models describing filtration is dependent upon these 
assumptions. 
The purpose of this section is to develop an analytical 
solution for the mass balance and the kinetic equations of 
filtration by applying the mathematical methods used to solve 
the adsorption equations. At the end of the section it will be 
shown that by making certain simplifying assumptions the 
complicated analytical solution of the accepted kinetic and the 
mass balance equations of filtration will lead to an equation 
which gives a linear relationship between the filtration time 
and the depth of the filter. 
A. Simultaneous Solution of the Material Balance and 
the Kinetic Equations of Filtration 
Detailed derivations of the exact mass balance equations 
are presented in Appendix. In this part of the study the 
mass balance and the kinetic equations of filtration will be 
solved simultaneously. 
To be able to find a simultaneous solution for these two 
equations we will simplify the mass balance equation of 
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.2 
filtration by neglecting the diffusional term - D —j and 
9x 
the term by assuming that all moving particles are 
neglected with respect to the retained particles. 
With the above simplifications Equation A-11 or Equation 
A-12 derived in Appendix becomes: 
° - '1' 
Rewriting the mass balance equation for adsorption, the 
derivation of which was given in the literature review section: 
It ^ ^ a lïï " ° 
The similarity between Equations 1 and 2 is obvious. The 
following are the "clogging-declogging" kinetic equation given 
by Herzig et al. (24) and the Langmuir equation of adsorption 
(5) presented in the literature review section: 
= k ey - k a (Kinetic equation (3) 
for filtration) 
= k (a-q)C - k,q (Langmuir equation (4) 
^ of adsorption) 
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Herzig et al. (24) expresses the porosity of the clogged 
bed as : 
E = Eg - yc (5) 
where ; 
Y = the inverse of the compaction factor of the 
retained matter. 
We can express y in terms of our variables as: 
Since Vg . o 
and the volume of the dead liquid per unit filter volume = 
a(Y - 1). 
Rewriting Equation 3 we get: 
= ki(Eo " YG)C - kgO (6) 
where ; 
= the capture probability per unit time and 
kg = the decolmatage probability per unit time. 
Comparison of the Equations 4 and 6 shows that Equation 6 is 
similar in form to the Langmuir equation of adsorption. 
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Since the mass balance and the kinetic equation of filtra­
tion have the same form as the mass balance and the kinetic 
equation of adsorption, the mathematical methods used for the 
simultaneous solution of one can be applied to the other. 
From the mass balance equation of filtration: 
-a H = - lï 
where ; 
Y = (v^) (t) 
y = the volume of liquid passed through a unit filter area 
in time t. 
Here we can assume a single valued scalar function (f) 
such that; 
df ,= adx - Cdy (9) 
because C and a are piecewise differentiable functions of 
X and y, as given by the material balance equation (Equation 
A-2). Existence of a scalar function (f) fulfills the condition 
necessary to write a line integral independent of path such as: 
f = (adx - Cdy) (10) 
Xl'Yl 
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Here (f) is the total amount of filterable solids attached to 
the filter media and suspended in solution in the pores of the 
filter. Since, 
df = adx - Cdy. (11) 
then, 
C - - II (12) 
Suppose that the kinetic equation can be expressed as ; 
|^=P{C,0) (14) 
From differentiation of Equation 13 with respect to y, 
9a _ a f (15) 
ay 3x9y 
Substituting into Equation 14. 
Ay -
or substituting the values of C and a. 
= 0 (17) hày "  ^ il. M 9y' d x j  
I f  w e  are given the function F(C,a) in the kinetic 
equation we can solve the above problem. Choosing Equation 6 
as the kinetic equation; 
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d a  
= k,(e - y o ) C  -  k«a 
or 
9CT_ 
3y 
= F(C,a) = 
fk,i 
V. 
(EQ - Yo)C V. (18) 
F(C,a) = fklSo' c -
k^y" 
o C  -
"a ra J raJ 
(19) 
Substituting C and o from Equation 12 and 13 we get: 
fk/ 
F{C,a) fill 
kiY" M 
"a J lay Uy. 9x V 3x 
( 2 0 )  
Substituting Equation 20 in Equation 17: 
a^f # + M 9f kiY" 9x9"y Va 9x f 9 f l  ' 9 f "  l a y ]  9 x  = 0 
lïïfy +a||+B^+E^ ^ ^ ^  ^ ^ ^  -9^ = 0 (21) 
where ; 
A = 
V 
( 2 2 )  
B = 
V. 
E = — 
a 
k 
V, 
lY 
(23) 
(24) 
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We can define two constants a and g as: 
a = 
V 
(25) 
g = 
Va'klYCo + kg) 
( 2 6 )  
such that, 
a = A - EC, (27) 
and 
a3 = AB ( 2 8 )  
Here we will make the logarithmic substitution: 
f = g- [&n u(x,y) - Bx - Ay] (29) 
C = - 9f 
9y 
1 
E 
9 &n u(x,y) 
9y 
(30) 
a = M = 1 
9x E 
9 in u(x,y) _ _ 
9x 
(31) 
Substituting Equations 30 and 31 in Equation 21 we get: 
9 &n u(x,y) 9&n u(x,y) . 9An u(x,y) _ an = n 
9x9y 9y 9x 
Noting that, 
9£n u(x,y) ^ 9Jin u(x,y) _ 1 
9y ' 9x 
9u(x,y) ^ 9u(x,y) 
Iu(x,y)] "2" 9y 9x 
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and, 
9^&n u(x,y) 
9x9y 
1 9^u(x,y) 
u(x,y) 3x9y [u(x,y)] 
1 . 9u(x,y) 9u(x,y) 
Equation 21 simplifies to: 
(32) 
Equation 32 is the simplest hyperbolic differential equation. 
The general linear hyperbolic differential equation is in 
the form : 
a(x,y), b(x,y) and d(x,y) = differentiable functions in 
the same domain D*. 
In our case a = b = 0 and d = AB. Riemann's method of inte­
grating general linear hyperbolic differential equations (36) 
can be used to solve Equation 32. In our case, the character­
istics are straight lines parallel to the axes through the 
point at which the solution is sought and the initial values 
of u(x,y) are characterized along a pair of characteristics. 
Therefore, we have a "characteristic boundary value problem" 
or a "Cauchy problem of the second kind." Also, unlike the 
original Cauchy problem, we do not have a single noncharacter-
istic curve on which two boundary conditions are given. The 
(33) 
where ; 
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.solution of the Equation 32 at a point P(g,n) is given in terms 
of the values of (u) on the axes. 
R X 
Fig. 5. Characteristics of the CaucAy problem of the second kind. 
In Figure 5, P(Ç,n) is a point at which the solution is 
sought and (u) is dependent on data on the lines OQ and OR. 
The straight lines PQ and PR which are parallel to the axes 
are the characteristics in this case. The initial values along 
the axes are obtained by using Equations 30 and 31. The 
initial conditions of the unused filter are: 
X = 0 y > 0 C = C. Boundary condition 1 
At a certain time t = x/v^, at the head of the advancing 
solution; 
X > 0 y = 0 a = 0 Boundary condition 2. 
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Applying boundary condition number one to Equation 30 we get; 
Co = - Ê 
9^n u(0,y) . 
By 
or. 
1 3u(0,y) 
u(0,y) 9y 
ay 
= (A EC^) = a  
u(0,y) = e 
a was defined by Equation 25. Applying boundary condition 
number two to Equation 31 we get: 
(34) 
(35) 
d i n  u(x,0) _ 
9x B 
(36) 
or, 
u(x,0) = e Bx (37) 
To apply Riemann's method for the solution of Equation 33 
we will define an operator which will be called the "adjoint 
operator" of L(u) as: 
M(V) = 2 - 2 Hazl - 2 + av. 
9x3y 9x By 
If M = L, then the operator L is said to be "self adjoint". 
In our case, where a = b = 0, Equation 32 is self adjoint, that 
is : 
2 
L(v) = M(v) = - (AB)v (38) 
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Now suppose that we choose the function v(x,y;Ç,r)) to be the 
solution of the adjoint equation: 
M(v) = 0 
The function v(x,y;%,n) is called the Riemann function. The 
properties which define the Riemann function v(x,y;Ç,r)) are: 
M(v) = 0 (39) 
^ - bv = 0 at 
3x 
y = n (40) 
and, 
U - av = 0 at 
v(g,n;S,n) = i 
X = Ç (41) 
(42) 
Riemann's method makes use of the Green's theorem to 
obtain the solution for u(x,y). Application of the Riemann's 
method for our case, which is a characteristic boundary value 
problem, results in the form given below: 
u(Ç,n) = (uv)^ + 
R 
V bu + M 3x dx 
V au + Ijjây + v(x,y;Ç,n)f(x,y)dxdy 
POOR 
(43) 
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Since, a = b = 0 and d = AB, Equation 32 is a homogenous 
function, that is, f(x,y) = 0. This eliminates the last term 
in Equation 43 and it reduces to; 
u(Ç,n) = (uv)Q + 
R 
0 
V 
9u 
9x dx + V U y J  
dy (44) 
In Equation 44, the only function that we do not know is the 
Riemann-Green function, v. Therefore, for our case we will be 
able to solve for u by finding the Riemann function 
v(x,y;Ç,n) which satisfies the equations; 
- AB v(x,y) = 0 (45) 
v(5,n;5,n) = l (46) 
9v(x,ri;g,n) 
9x 
= 0 (47) 
3v(S,y;C,n) ^ « 
9y (48) 
We can assume that the function v(x,y;Ç,ri) is of the form: 
v(x,y;Ç,n) = F(t) (49) 
with the argument T = (x-Ç)(y-n) • (50) 
We can solve for the Riemann function by substituting this 
value into Equation 38. Note that; 
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9^v(x,y;g,n) _ 3^F(T) _ 9^F(T) 
9x3y 3x9y 
9t ^ 9^T 9F(T) 
9T9y 9x 9x9y 9t 
= T 9^F(T) ^ 3F(t) 
9T' 9t 
After this transformation Equation 38 can be written as 
T ^ - (AB)F(T) = 0 
9t 9T 
(51) 
Taking the Laplace transform of Equation 51. 
L + L - L {(AB)F(T)} = 0 
9T' 9T 
- jj^f (s) - sf(0) - df(0) 
ds ds + sf(s) - f(0) - ABf(s) - 0 
d[f(s)] 
ds 
AB + s f (s) = 0 
Separating variables and integrating: 
AB' 
f(s) = I e (52) 
where; 
k = e 
kg = the constant of integration. 
Taking inverse Laplace transformation of both sides of the 
above equation, 
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L"^{f(s)} = F(T) = k L~^ e® 
Using Laplace transformation tables (37), 
= IQ(2/ABt) 
where is the zeroth order Bessel function for a purely 
imaginary argument. (Note that = i J^(ix), where 
is Bessel's function of the first kind.) 
Since 
T  = (x-Ç)( y - n )  
F(T) =v(x,y ; Ç , n )  = k (2/AB(x-Ç)(y- n )) (53) 
The term, v(x,y;Ç,n) is the required Riemann function in 
which Ç and r\ are the variables of integration around the 
boundary of the region determined by the characteristics and 
the axes. Equation 53 satisfies Equation 32, and therefore 
Equation 45 is also satisfied. On the characteristics x = Ç 
and y = n, v(x,y;Ç,n) = 1. Since 
9[I (0)] 3[I (0)] 
L = -ag = 0 
a v ( x , n ; C , n )  _  n  
alE ° 
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and 
av(C,y;C,n) 
9y 0 
Therefore, Equation 46, 47 and 48 are also satisfied. 
Now, since we know the required Riemann-Green function we 
can solve for u using Equation 44. Note that in Equations 30 
and 31, &n u is in differential form and addition of a constant 
to &n u will not affect C or a. Therefore, we can choose 
u(0,0) = 1. That is, the value of (u) at point 0 is u^ = 1. 
The differentials and ^  in Equation 44 can be obtained by 
9% ay 
using Equations 34, 35, 36 and 37. 
(54) 
[u(x,0) ] = B e Bx (55) 
Substituting the above values into Equation 44 we get: 
u(Ç,n) = k (2/ABxy) + k 
0 
B e®^ I^(2/ABy(X-Ç))dÇ 
rY 
a e^^ (2/a3x(y-n))dn. + k (56) 
0 
Here we can define an integral function which we will call the 
Thomas function as ; 
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( t ) ( w , \ )  =  ^ -V ^ e ^  I {2/Xv)dv (57) 
0 ° 
Since = 1, the limiting values of the Thomas function 
are ; 
< p ( 0 , X )  = 0 (58) 
(•W 
(p(w,0) = e^ e ^ dv = e^ - 1. (59) 
Also, 
*(w,A) + *(X,w) = e*+^ - Iq(2/wX) (60) 
= *(w,X) + I^(2/Ï77Â) (61) 
Mr = ^ (62) 
Lim e 0(w,X) = 1 
Equation 56 can be expressed in terms of the Thomas function 
by making the following substitutions into Equation 57 : 
^ V = B(x-Ç) dv = -gdg 
at \ V = 0 g = X 
^ V = Bx Ç = 0 
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Now, we can express the integral terms in Equation 56 in terms 
of the Thomas function: 
(j) (BXfAy) = e Bx (-B)e"B(x-S)i (2/AyB(x-S))dC 
X 
X 
Be®^I (2/ABy(X-Ç))dg (63) 
Similarly, 
^(aX,gx) = (2/a3x(y-n))dn (64) 
Therefore, Equation 56 becomes: 
u(x,y) = k (2/ABxy) + k(Bx,Ay) + k#(ay,Bx) (65) 
which is the solution of Equation 32. 
From Equation 30, 
=  =  1 1  ^  
Using the properties of the Thomas function given by Equations 
61 and 62 
^ ^ ^ ^ y ^  ~  k  [ A ( | )  ( B x , A y )  +  a ( j ) ( a y , 3 x )  +  a l ^  ( 2 / a 3 y x )  ]  ( 6 6 )  
Substituting a = (A - E C^), a3 = A B and dividing by u(x,y), 
70 
{f>(ay,3x) + I (2/ABxy) 
C = _o (67) 
I^(2/ÂBxy) + (j)(Bx,Ay) + *(ay,gx) 
Equation 67 consists of Thomas and Bessel functions and 
relates two important variables of filtration C/C^ and y 
which determine the breakthrough curve of filtration. The 
Thomas function can be expanded in power series as : 
- .1. SS • J.. SÎ 
The Bessel function of the first kind I^(i) can be expanded 
into a power series as : 
I (i) = I  (-1) 
K n=0 n!(K+n)! 
n K+2n 
2 (69) 
For K = 0 and i - 2/w,y 
1 
lo'i '  = Ï STÏÏT 
n=0 
2n 
«> ,n,n <» ,,m.n 
o,L ^  
Also, for large values of i, the Bessel function is approxi­
mated by; 
I (i) ^  _®— {1 + 1 + —9 + ...} (71) 
° /2¥r 128i^ 
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Since the Thomas functions and the Bessel functions in 
Equation 67 can be expanded in terms of power series it is 
also possible to express Equation 67 in terms of power series. 
If the values of the constants A, B, a and 3 are given, Equa­
tion 67 can be used to plot C/C^ versus y, that is, the break­
through curve of filtration. Computation of the power series 
is difficult and laborious. Therefore, simplification of 
Equation 67 based on valid assumptions is required for easy 
evaluation of the Thomas and Bessel functions. It is possible 
to express the Thomas function in terms of a function J(w,X) 
given by Hiester and Vermeulen (12): 
f W  
J(w,X) = 1 e"^"^ I (2/ÂT)dÇ 
0 ° 
•V FW 
= 1 - e-A-w (e^ e"^ I (2/xT)dÇ) 
0 
= 1 - e ^e"*0(w,A) (72) 
or 
* ( w , X )  = e^e^[l - J(w,X)] (73) 
Similar to the Thomas function the important properties of the 
function J(w,X) are: 
J(0,A) = 1 
J 
(74) 
Since I (0) = 1 
J(w,0) = e"* ° (75) 
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Lim J(w,X) = 0 (76) 
(77) 
Similar to Equation 60 
J(w,X) + J(\,w) = 1 + e"^"^ (78) 
It is possible to approximate J(w,X), using an asymptotic 
expansion as given by Thomas (5), Opler and Hiester (13): 
1 _-w-X 
J(w,X) = y [1 - HC/w - /X) ] + ^«I (i) 
^ 1+n^ ° 
1/2 
I T72^ '9'"^ - - :.l/2 
ri 
+ g2(«Io - 41^/2 - + 21^) 
+ g3(20lQ - ISl^yg - 151-1/2 
^3/2"^-3/2 
+ g^(701^ - 561^/2" + ^ ^^1 " 3/2 " GI_3/2 
(79) 
where ; 
9 fZ _r2 
H(z) = erf(z) = — e ^ dç 
/iT •' 0 
(80) 
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i = 2(wX)l/2 
:n = If/i) 
with Rg representing a small remainder term. 
In Equation 79 "g" is always less than 1, regardless of 
the values of ri/ and the I^^s will partially cancel each other 
for large values of (i). Therefore, in Equation 79 the first 
two terms are the most important ones and Equation 79 can be 
approximated as (12); 
1 -w-X -, 
J(w,X) = jll - H(v^ - /X)] + ^ ^ x)l/4 ] (81) 
1/2 Expanding the Bessel function IQ[2(WX) ^ ] using Equation 71 
and using only the first term of the expansion we get: 
rv 1 r p.- ( /w- /X) ^ 
J(WfX) = S 1 — H (/w - vOT) + >1 } (82) 
2 /F[/T + ^/wX] 
Now, Equation 67 can be written in terms of the function J(w,X) 
Using Equation 73, 
<})(ay,3x) = e^^e^* - [1 - J(ay,3x)] (83) 
0(Bx,Ay) = e®^e^^Il - J(Bx,Ay)] (84) 
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From Equation 78 
J(ay,^x) = 1 - J(3x,rty) + e ^ (^/ABxy ) (85, 
Substituting Equations 83 and 84 into Equation 67 and sub­
stituting Equation 85 for J(ay,3x) in both the numerator and 
the denominator of the resulting fraction and rearranging, 
C_ ^  J(gx,ay) (86) 
^o J(0x,ay) + e(B-g)x+(A-a)y[i _ j(Bx,Ay)] 
Equation 86 can be rearranged as: 
Using Equation 82 the values of J(Bx,Ay) and J(3x,ay) can be 
written in terms of the error function "H" as : 
C /?[1-H(/Sy>-/Bx)]e^^"^) k .  
^ - 1 = 2 (88) 
/ay + /cTgxy 
Substituting Equations 2 2 ,  2 3 ,  24, 25 and 26 into Equation 88 
we get; 
74b 
- 1 = /? 1 - H 
V 
y -
klCo 
V 
X 
h .  
V 
y -
V 
X 
/ïï 1 -
V 
y + 
kik2Co 
yx 
^TTk 
(kiYC^+kjjy 
1 Co+k; V 
vfkiYCo+kg) 
(kl Cq+kgly 
V 
+ 
+ k2)y 
V 
V 
(89) 
xy 
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B. Simplification of the Analytical Solution 
For a given depth x of the filter, to calculate the 
values of C/C^ for given values of y, that is, to be able to 
draw the breakthrough curve, the constants; , kg, C^, 
and v^ must be known. Equation 89 is complicated and therefore 
is not very useful for practical applications. The rest of this 
section will be devoted to the simplification of Equation 89. 
The approximations given by Hiester and Vermeulen (12) 
will be used to simplify Equation 89: 
= /Ây - /Bx (90) 
Zg = /Fx - /cty (91) 
,2 
f(z) = /n fl - H(z)]e^ (92) 
and 
Writing the following asymptotic expansion for the error func­
tion H (z) ; 
z2 
H(z) = 1 - ——- ^ 1 - • •-•A' + — y 
z/if 2z 4z 
• • • ]  
(93) 
and 
f(z) =1 + ^ (94) 
 ^ ' Zz'' 4z' Sz" 
For positive arguments 
f (z) = i L- + for z > 0 (95) 
^ 22^* 4z^ 8z' 
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so that, 
/ïï ^ f (z)  ^ 0 
For z > 4 the above equation can be expressed as : 
f(z) = ^ (96) 
For negative arguments, since H(-z) = -H(z) 
_2 
f(z) = 2/tt e - f I z I for z < 0 
A l s o ,  f o r  I z I  > 4  
,2 
f (-z) = 2/Tr e (97) 
Equations 96 and 97 can be substituted into Equation 88 to 
find C/Cg. When r > 1, so that both z^ and Zg are greater than 
4, use of Equation 96 reduces Equation 88 to: 
à \/ _ . / E  
C  _  g V Bx Va 
C  
à  ./^ 
a V Bx 
(98) 
When z^ and z^ are less than (-4) or when, 
ay > 3x (99) 
and 
Ay < Bx (100) 
Equation 88 becomes; 
^o , _ (/Ây-/Bx) (/gx-/0y) ^ 
C J- - e 
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or 
C ,  1 + e (A-a)y + (B-3)x 
(101) 
The regions where the approximate Equations 98 and 101 
can be used is given in the form of a figure by Opler and 
Hiester (13) where; 
r = A/a 
s = Bx 
t = ay. 
Writing Equation 101 in terms of the constants kg, y ,  
£o and C^; 
C_ 
C. k, r-
V. 
1 + e 
Ic, 
^ Co+r 
X - (YCQ)y 
(102) 
which is the analogous form of Equation 49 given by Thomas (5) 
for Langmuir kinetics. 
Also an equation similar to Equation 102 has been pre­
sented by Wright et al. (35). They started with a continuity 
equation which is the same as our continuity equation: 
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but with a different kinetic equation which does not contain 
any detachment term; 
The results of their solution is given in the literature review 
section. We can rewrite their equation as; 
c  rk,x k,C t"! rk, c  t i  o 1 1 o 1 o 
V 0 
1 + e c -e c 
Since their kinetic equation does not contain any detachment 
term, in their equation, kg = 0. 
If we also assume that detachment is negligible, that is, 
if we assume that; kg <<< k^, the term kg/k^ in Equation 102 
can be neglected and we can rewrite Equation 102 as: 
Equation 104 resembles Equation 103 except the last exponential 
term in the denominator of Equation 103 does not exist in the 
denominator of Equation 104. Absence of this term enables us 
to express Equation 104 in a form which makes it very similar 
to the Bohart-Adams relationship of adsorption. 
C 
C 
1 (104) 
o 
1 + e 
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Rearranging Equation 104 and assuming that the void volume 
of the deposit V^, is negligible compared to the solid volume 
of the deposit, that is assuming that y = 1, and replacing 
by the initial filter capacity , we get: 
t = 
v. 
X - iln (105) 
The Bohart-Adams relationship (6) is: 
C_ 
C 
(kC^t) 
e - 1 + e 
where ; 
C = concentration 
X = distance 
a = the residual adsorption capacity 
V = the rate of travel of front. 
Their results can be expressed in a different form as 
N. 
t = 
Co^a ^ " KN o 
f r  
- 1 (106) 
where ; 
= the total adsorption capacity 
K = rate constant. 
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The similarity between the Equations 105 and 106 is 
obvious. Thus, by assuming kg <<< , we can simplify Equation 
102 to a very useful form. Making the use of similarity 
between Equation 105 and Equation 106 the "Bed Depth Service 
Time" (BDST) method can be applied to filtration but the 
assumptions used and the simplifications made to derive Equa­
tion 105 must be kept in mind. According to Equation 105 a 
plot of t versus x should yield a straight line with a 
r c  
F 
slope of — and an intercept of 
'o a 
£n - 1 
X (DEPTH OF FILTER) 
Î 
Fig. 6. Application of the BDST Method. 
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Each point on the straight line gives the time and depth of 
the filter required for a certain concentration C. 
This theoretical approach and simplifications which give 
a linear relationship between t and x can be supported by 
the experimental approach made by Mints and Krishtul (22) . As 
was explained in the literature review section Mints and 
Krishtul theoretically concluded that a relation between 
f rv X 
^0.7^1.7 
â 
and t exists when C/C^ is. held constant. (Here 
"d" is the size of the granules in the bed.) To find the 
nature of this relation, they approached the problem experi­
mentally and drew the generalized plots of 
rv 
X 
vO'7dl'7 
versus 
a t with various rates of filtration and different sizes of 
granules in the bed. From these experimental plots they con­
cluded that a straight line relationship between x and t 
exists such as: 
^3 = 1 
< a 
a 
(107) 
where ; 
I 
k, = parameters which depend on the physicochemical 
properties of the feed water and of the suspension 
and of the given value of C/C^. 
The exponents 0.7 and 1.7 are found experimentally to be 
constant in a filtration velocity range of 3.3 to 19 m/hr and 
with bed granules ranging in size from 0.88 to 2.2 mm. Unlike 
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Equation 105, Equation 107 has the constants "d" in both of 
the terms on the right hand side of the equation and "v^" in 
the last term of the equation. The reason these constants 
appear in Equation 107 is because of the differences in the 
mass and kinetic equations and in their simultaneous solutions. 
Mintz and Krishtul consider the parameters "a" and "b" of 
their simultaneous solution to be a function of "v" and "d," 
which in turn appear in Equation 107. 
Using Equation 105 and knowing two breakthrough curves 
for different lengths of the same filter we can determine the 
rate constant k^^ and the initial filter capacity F^. Only 
portions of the breakthrough curves are needed to obtain two 
points to draw the straight line, if a constant C line can 
intersect both of the breakthrough curves. The approach 
velocity affects the slope of the linear plot of Equation 105. 
For different approach velocities different slopes are expected. 
Changing the initial concentration affects both the slope 
and the intercept of the straight line. Addition of polymer 
and other factors might affect the attachment coefficient k^, 
showing its effect on the intercept or might increase or 
decrease the filter capacity F^, which is directly proportional 
to the slope of the straight line. 
Critical bed depth (x^ on Figure 5) is the length of the 
filter just enough to hinder the passage of the material to be 
filtered which has a concentration greater than the break value 
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at zero time. By obtaining a straight line as in Figure 5, 
it is possible to find the minimum length of a filter which 
will prevent the passage of a solution with a concentration 
greater than a certain chosen value when t = 0. Thus, from 
Equation 105 at t = 0. 
= kf-
o 
- 1 (108) 
Since a breakthrough curve is a relationship between the 
C/Cg values and time t, it is possible to find the slope of 
the breakthrough curve at any C value. Differentiating Equa­
tion 105 with respect to t we get: 
Co-C dt 
d 
= -klCo 
C(CQ-C) * dt (109) 
where ; 
d(C/C^)/dt = slope of the breakthrough curve. 
Therefore, the slope of the breakthrough curve is 
Slope = k^C (110) 
At C/C = 0.50, that is when the slope at the midpoint 
klCo 
(111) 
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The slope at (C/C^ = 0.10) = 0.09 k^C^. Also note that; 
a^(c/Cj^) , 
dt2 
= k 
That is the inflection point of the breakthrough curve is at 
C 1 pr- = y. Equation 111 is an analogous form of the Equation 53 
o 
given by Thomas (5). 
Thus, the attachment coefficient k^ can be calculated if 
we know the slope of the breakthrough curve at any C/C^ value. 
This k^ value can be compared with the k^^ value obtained from 
the intercept of the straight line in Figure 5. Suppose that 
only a portion of the breakthrough curve is given and the slope 
of this curve at any C/C^ is known. If the initial concentra­
tion CQ, the approach velocity v^, and the initial porosity 
are also given, it is possible to calculate the attachment 
coefficient k^ from Equation 110 and using Equation 105 the 
rest of the breakthrough curve can be constructed. The 
accuracy of this theoretically constructed portion of the 
breakthrough curve will depend on the assumptions and the 
simplifications made in the derivation of Equation 105. 
C. Dimensional Analysis 
In Equation 117, is dimensionless and k^ has the units 
of (t ^). If a dimensional concentration C' (mass of suspended 
3 
solids/L of solution) is used and is replaced by the 
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theoretical filter capacity F^, then in Equation 118, and 
3 
must have the units of: (L of solution)/(time ' mass of 
3 
suspended solids) and (mass of suspended solids)/(L ) 
respectively. 
The same mathematical procedure could be applied by 
starting with a material balance equation in dimensional terms 
(see Appendix, Equation A-8) and with a kinetic equation in 
a dimensional form such as : 
= kl'Fo - °')C' - V' 
where ; 
FQ I=J Mass of suspended solids/L^ 
3 k^ [=] (L of solution)/(time • mass of suspended solids) 
and 
or 
ko 1=] (time) ^ 
arr • 
at- = - k; v^a' 
where ; 
3 
FQ I=J Mass of suspended solids/L 
2 k^ 1=] L /Mass of suspended solids 
Thus, as long as the mathematical form of the kinetic 
equation given by Equation 6 is conserved, it is possible to 
86 
make use of any kinetic equation of filtration employing the 
theoretical approach explained in this section. 
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IV. APPLICATION OF THE THEORETICAL RESULTS 
A. Application of the Theory to the Data of 
the Previous Researchers 
In this section the filtration data of the other 
researchers was used in the application of the results of the 
theory developed in the previous section. A brief survey of 
the published filtration data was made to determine whether a 
straight line relation exists between time t and filter depth 
X for different filtration experiments. Figure 7 shows the 
straight line relationship obtained when the time and depth 
data of Eliassen's iron removal experiments (38, 39) were 
plotted for different C/C^ values. Assuming that the assump­
tions made in developing the theory apply to each case, 
and F^ values were calculated and the results that were 
o 
obtained are presented in the following tables (Tables 2-13). 
To yield the and the F^ values, that is; to obtain the 
slope and intercept of the straight line, a constant C/C^ line 
must intersect at least two breakthrough curves to give two 
time t values. 
The purpose of calculating these approximate values for 
k^ and F^ was to determine their magnitudes for different 
filtration systems. For some cases where the experimental 
breakthrough curves were available, the theoretical break­
through curves obtained by using Equation 105 were compared 
with experimental values. 
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o RUN 1 (C/Co = 0.40, 
r2 = 0.997) 
A RUN 6 (C/Co = 0.33, 6000 
r2 = 0.998) 5000 
4000 
3000 
S 2000 
»—I h— 
1000 
DEPTH (cm) 
-1000 
-2000 
Fig. 7. Application of the BDST method to Ellassen's iron filtration 
data (39,40) (v^ = 2 gpm/ft^ for both Run 1 and Run 6). 
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Table 2. Application of Equation 105 to Eliassen's iron 
filtration data^ 
C_ 
C. n Slope 
[min 
[cm , 
Intercept r 
(min) a  gr-mxn 
F 
0.40 134.30 -70.50 0.997 1.15 5.47 
0.45 156.65 -83.57 0.997 0.48 6.38 
0 . 8 0  10 345.81 433.86 0.971 0.639 14.09 
Rolf Eliassen (38) : 
Suspended solids: iron floes (Hydrous ferric oxide) 
Influent concentration: 0.50 ppm iron % 
Approach velocity = 8.15 cm/min (2 gpm/ft ) 
Author's run no ; 1 
Figure no. 5 
Filter media: White silica sand from Ottawa, Illinois 
Effective size = 0.46 ram 
Uniformity coefficient = 1.22 
Specific gravity = 2.65 
Porosity = 0,408. 
n = number of data points. 
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}able 3. Application of Equation 105 to Camp's data' 
C_ 
C. n Slope Intercept 
r2 
^1 ^o 
min (min) f & fgr 
cm gr-min I ^ 
0.17 52.70 -596.40 0.998 4.43 0.26 
0.33 8 87.91 '183.60 0.991 6.43 0.43 
0.83 269. 8 790.2 0.950 3.34 1.32 
Thomas R. Camp (39): 
(Floe removal during Eliassen Run 6) 
Suspended solids ; iron floes 
Influent concentration: 0.6 ppm ^ 
Approach velocity = 8.15 em/min (2 gpm/ft ) 
Author's run no; (Eliassen Run 6) 
Figure no: 9 
Filter media = sand. 
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Table 4. Application of Equation 105 to Rieiner's data' 
(Run VI-2) 
Filter C_ 
type C n Slope Intercept 
("in' & gr-min 
Complex 0.70 2 23.62 120.00 1.000 1.41 1.44 
Sand 0.70 3 6.37 128.40 0.789 1.32 0.39 
Sand 0.20 3 8.38 -164.52 0.976 1.68 0.51 
Sand 0.30 3 12.15 -197.14 0.964 0.86 0.74 
Alan E. Riemer (40): 
Suspended solids: iron floes (Hydrolysis product of the 
iron salt FeCl^) 
Influent concentration: 5 mg/H ^ 
Approach velocity: 12.2 cm/min (3 gpm/ft ) 
Author's run no; VI-2 
Figure no: 9 
Filter media: 1. Complex filter: 8 inches anthracite, 
diam: 1.19 mm 
8 inches sand, 
diam: 0.590 mm 
8 inches garnet, 
diam; 0.420 mm 
2. Sand filter; 24 inches regular sand 
Uniformity 
coefficient = 1.44 
Effective 
size = 0.46 mm. 
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Table 5. Application of Equation 105 to Riemer's data' 
(Run VII-2) 
Filter C , . 2 
type C~ ^ Slope Intercept r k. 
fminl 
[cm J (min) 
A 
gr-min 
Complex 0.60 3 13.50 19.93 0.972 4.07 0.82 
Sand 0.40 3 14.54 -263.08 0.923 0.31 0.89 
Sand 0.70 3 10.18 30.42 0.732 5.57 0.62 
Alan E. Riemer (40) : 
Suspended solids; iron floes (Hydrolysis product of the 
iron salt FeCl^) 
Influent concentration: 5 mg/& _ 
Approach velocity: 12.2 cm/min (3 gpm/ft ) 
Author's run no: VII-2 
Figure no: 9 
Filter media: 1. Complex filter: 
8 inches anthracite, diam: 1.00 mm 
8 inches sand, diam; 0.707 
8 inches garnet, diam; 0.590 mm 
2. Sand filter; 
24 inches regular sand 
Uniformity coefficient = 1.44 
Effective size = 0.46 mm. 
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Table 6. Application of Equation 105 to Riemer's data' 
(Run IV) 
0" " Slope Intercept r^ 
mm 
cm 
(min) £ gr-min 
2£_ 
£ 
Garnet 0.40 3 15.06 -49.72 0.997 1.63 0.61 
Sand 0.40 3 21.23 -130.68 0.996 0.62 0.86 
Alan E. Riemer (40): 
Suspended solids : iron floes (Hydrolysis product of the 
iron salt FeClg) 
Influent concentration; 5 mg/£ „ 
Approach velocity = 8.15 cm/min (2 gpm/ft ) 
Author's run no ; IV 
Figure no: 9 
Filter media: 1. Garnet filter: 
8 inches 0.420 mm garnet 
2. Sand filter: 
8 inches 0,420 mm sand. 
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Table 7. Application of Equation 105 to Ghosh's data^ 
C 2 
^ n Slope Intercept r 
fel (min) l~± 
cm j [gr-min 
min 
cm 
'3JL , a 
0.24 8 48.11 -682.20 0.921 0.99 0.67 
0.35 8 54.49 -62.40 0.922 5.84 0.75 
^Mrigankamouli Ghosh (41); 
Suspended solids: iron floes 
Influent concentration: 1.7 mg/l total iron 
Approach velocity: 8.15 cm/min (2 gpm/ft ) 
Author's run no : 4 
Figure no; 14 
Filter media: Muscatine sand 
Effective diameter = 0.51 
Uniformity coefficient = 1.40 
Filter depth = 30 inches. 
Table 8. Application of Equation 105 to Hegg's data^'^ 
C 2 
^ n Slope Intercept r F^ 
W") {^) (^) 
0.27 2 11.81 -90.00 1.000 1.59 1.00 
^Calculation of k^ from the slope of the breakthrough 
curve for Hegg's Run B-15 data; Slope of 5" breakthrough curve 
at C/Cg = 0.35 is 2.50 x 10-3 min-1 
Slope = k^ C(1 - C/CQ) 
C =(0.35) (6.96)= 2.44 mg/& 
k^ = 1.58 liter/gr-min. 
^Bob Allen Hegg (42) : 
Suspended solids : iron floes 
Influent concentration: 6.96 mg/& 2 
Approach velocity: 12.22 cm/min (3 gpm/ft ) 
Author's run no: B-15 
Filter media = Ottowa silica sand 
Mean grain size: 0.649 mm. 
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C 
C 
0 
THEORETICAL 
6 5 2 3 4 G 
TIME (HR) 
Fig. 8. Comparison of the theoretical breakthrough curves with 
Hegg's Run B-15 data. 
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Figure 9 was drawn using the F^ = 5.26 x 10 ^ gr/cm^ value 
calculated from the slope of the straight line obtained from 
Hegg's Run A-22^ data for C/C^ = 0.27. The value was cal­
culated from the slope of the experimental breakthrough curve 
for 5" depth. Slope of the 5" breakthrough curve at C/C^ = 
0.50 is 1.08 X 10 ^ min ^. Using Equation 111; 
k^ = 619.05 cm^/gr-min. 
-4 3 
Figure 10 was drawn using the F^ = 9.09 x 10 gr/cm 
value calculated from the slope of the straight line obtained 
2 from Hegg's Run B-4 data for C/C^ = 0.27. The k^ value was 
calculated from the slope of the experimental breakthrough 
curve for 9" depth. Slope of the 9" breakthrough curve at 
C/Cg = 0.27 is 1 X 10 ^ min ^. Using Equation 110: 
>^1 = • 
Bob Allen Hegg (42) 
Suspended solids; Iron floes 
Influent concentration; 7.0 mg/£ g 
Approach velocity: 24.45 cm/min (6 gpm/ft ) 
Author's run no; A-22 
Figure no: 37 
Filter media: Ottawa silica sand 
Mean grain size = 0.649 mm. 
^Bob Allen Hegg (42) 
Suspended solids: Iron floes 
Influent concentration: 3.5 mg/& g 
Approach velocity; 24.45 cm/min (6 gpm/ft ) 
Author's run no; B-4 
Figure no: 39 
Filter media = Ottawa silica sand 
Mean grain size = 0.649 mm. 
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TIME (HR) 
Fig. 9. Application of Equation (105) to Hegg's Run A-22 data. 
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THEORETICAL 
7 4 0 2 3 5 6 
TIME (MR) 
10. Comparison of the theoretical breakthrough curves with Hegg's 
Run B-4 data. 
Table 9. Application of Equation 105 to Eliassen*s virus filtration data^ 
C 
Co 
n Slope 
min 
Intercept 
(min) 
r2 
^1 
ml of solution 
^o 
cpm 
General rate 
coefficient 
k = k, X F 
1 o 
cm cpm X mm ml 
. —1 
mm 
0.6 6 7999.80 6400.02 0.960 1.863 X 10"® 1.25 X 10^ 0.0233 
0.7 6 7583.70 8377.56 0.973 2.975 X 10"® 1.19 X 10® 0.0353 
0.8 6 8037.72 9532.08 0.951 4.277 X 10"® 1.26 X 10® 0.0538 
Rolf Eliassen et (43) give k values of 0.0117 min for early stages 
breakthrough and 0.0390 inin~l for later stage breakthrough. 
Filtrate; viruses (p32-iabeled viruses) 
Influent concentration: 3.40 x 10^ cpm/ml 
Approach velocity; 0,046 cm/min 
Author's Figure no: 16 
Column no : 1-1 
Soil no: 1 
Filter media: Soil ? 
Bulk density = 1.18 gr/cm 
Specific gravity =2.42 
Porosity = 0.512. 
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Table 10. Application of Equation 105 to Ling's data' 
C_ 
C. n Slope Intercept 
min (min) \ ^ 
cm gr-min^ [ ^ J 
0.06 7 43.91 -283.56 0.940 0.57 6.08 
0.12 
0.18 
0.24 
90.24 
58.91 
67.54 
•153.42 
•134.52 
•115.62 
0.939 
0.966 
0.964 
0.76 
0.66 
0.59 
12.50 
8.16 
9.36 
Joseph Tso-Ti Ling (44): 
Suspended solids: Fuller's Earth (mixed with tap water 
of the city of Minneapolis) 
Influent concentration: 17 ppm of turbidity 
Approach velocity; 8.15 cm/min (2 gpm/ft^) 
Author's run no: 2 
Figure no; 4 
Filter media: 24" deep 0.383 mm sand 
Coagulant; FeClg and Ca(0H)2« 
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Table 11. Application of Equation 105 to Kavanaugh's data' 
Ç_ 
C, 
0 . 2  
0.4 
0 . 8  
n Slope Intercept r2 
^o 
mini (min) i fgr [cm J gr-min I ^  J 
4 
4 
4 
17.24 
19.13 
28.11 
•21.00 0.992 1.32 8.04 
-7.20 1.000 1.13 8.92 
1.80 0.988 15.4 13.11 
^Michael C. Kavanaugh et al^. (45) : 
Suspended solids: Clay-Alum suspension 
Influent concentration: 50 mg/i g 
Approach velocity: 9.33 cm/min (2.29 gpm/ft ) 
Author's Figure no: V-1 
Filter media: 0.54 mm glass beads 
Coagulant: Alum, dose: 24 mg/&. 
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Table 12. Application of Equation 105 to Malina's data' 
C_ 
C, n Slope 
mm 
^cm , 
Intercept r 
(min) & gr-min 
F 
fgr 
Z 
0 .  8 0  1.14 7.77 0.980 1.15 21.6 
0.90 1.63 11.28 0.979 1.26 30.9 
Hankuff, W. R., Jr. and Malina, J. F., Jr. (46): 
Suspended solids ; Raw sewage 
Influent concentration: 155 mg/£ (volatile content of 
suspended solids =86.5%) „ 
Approach velocity: 122.3 cm/min (30 gpm/ft ) 
Author's Figure no: 4 
Filter media: PVC pellets (sphericity = 0.90 
mean diameter = 4.4 mm, specific gravity = 1.20.) 
Table 13. Application of Equation 105 to Ives' data^ 
Authors' Authors' C „ 
fig. no. test no. c" " 
o 
min 
^cm 
8 5 0.40 4 5.88 -259.69 0.961 0.02 9.64 
(upflow) 
9 33 0.40 5 6.40 -129.51 0.995 0.03 10.50 
(downflow) 
Diaper and Ives (47): 
Suspended solids : Microsepiolite 
Influent concentration: 100 itig/£ g 
Approach velocity: 16.4 cm/min (4 gpm/ft ) 
Filter media: 14-25 sieve sand. 
Intercept 
(min) gr-min 
2£_ 
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B. Materials and Procedures 
Filtration apparatus : In order to apply the results of 
the theoretical approach, experiments were made to obtain 
breakthrough curves for five filters of different depths. To 
see the effect' of the approach velocity v^, and the amount of 
the polymer added on the slope and intercept of the straight 
line, three different approach velocities and four different 
polymer concentrations were used. 
Figure 11 shows the general arrangement of the filtering 
system. It consisted mainly of a suspension holding tank, a 
constant head tank, five plexiglass columns with separate flow 
measuring and controlling devices, piezometers to measure the 
head loss and five diaphram pumps for polymer additions. The 
suspension holding tank was 1.52 m in diameter and 1.52 m deep 
and had a capacity of 2600 liters. To avoid settling of the 
suspended solids the tank was mixed continuously with a 1/2 Hp 
mixer. Part of the water that comes to the constant head tank 
was recycled back into the suspension holding tank and the 
rest was sent down to the filter through an influent header 
with approximately 5 m of head. Five plexiglass columns of 
different length were used as filters (Filter A was 110 cm in 
length. Filter B, 100 cm; Filter C, 90 cm; Filter D, 80 cm; 
Filter E, 70 cm). Each filter had an inside diameter of 
7,62 cm and had a separate flow meter and flow controlling 
device. Each filter had a piezometer which measured the 
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Fig. 11. General arrangement of the filtration apparatus. 
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headless between the point where the influent pipe was con­
nected to the filter and the effluent point where the sand bed 
ended. Flow measuring and controlling devices, valves and 
piezometers are not shown on Figure 11. Each filter received 
the same influent from a common inlet pipe which was connected 
to the constant head tank. The influent samples were obtained 
from a sampling cock located in the influent pipe of each 
filter. The effluent samples were obtained from the effluent 
pipe of the filter downstream from the rotameter used in 
measuring the flow through the filter. The turbidity of the 
influent and effluent was measured using a HACH turbidimeter 
(Model 2100 A) in Nephelorometric turbidity units (NTU). The 
flow through each rotameter was controlled by means of a 
needle valve. Three different flow velocities were used in 
the experiments, 10 m/hr, 25 m/hr, and 30 m/hr. 
In the experiments tabulated in Table 15, 0.415 mm 
Muscatine (Iowa) sand with a uniformity coefficient of 1.08 
was used as the filter media. The depths of the sand beds in 
each filter are given in Table 15. The filter depths were 
measured during each run immediately after backwashing the 
filters. Changes in the filter depths were caused by loss of 
sand during backwash or by compaction of the bed resulting 
from rate of flow disturbances during the run. 
The suspended solids employed in this study consisted 
of zeolite-A, a hydrated, crystalline, sodium aluminosilicate 
whose composition is (NaAlSiO^i^g »27 HgO. The detailed 
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characteristics of the aluminosilicate particles are given in 
Table 14. 
Sodium aluminosilicate changes rapidly to calcium alumino­
silicate when it is added to water, if enough calcium is 
present (48). Figures 27 and 28 show some typical sodium 
aluminosilicate particles which were deposited from the suspen­
sion by filtration through 0.45 mm sand filter. Cat Floc-T 
was added as polymer in this run to give a concentration of 
0.24 mg/1. 
In preparing the suspension to be filtered, a concentrated 
solution of sodium aluminosilicate was prepared first with a 
high speed mixer being used to obtain adequate mixing. This 
concentrated suspension was then mixed slowly with tap water 
in the 2600 liter tank to prepare a final suspended solids 
concentration of about 75 mg/1. The final suspended solids 
concentrations for each run are given in Table 15. In all of 
the runs listed in Table 15, the water that was used in the 
preparation of suspensions to be filtered was Ames city tap 
water (a lime-softened water), The pH of the final solution 
was not stable and increased from about 7.8 to 8.8 over a 
period of several minutes. It was necessary, therefore, to 
adjust the pH to about 7, using hydrochloric acid. 
Cat Floc-T (Calgon Corp.), a diallyldimethylammonium 
chloride cationic polymer which shows a stable positive zeta 
potential with respect to pH changes between pH 4 and pH 11 
was used in the experiments. The amount of Cat Floc-T used in 
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Table 14. Aluminosilicate particle characteristics^ 
Crystalline Quartz 
Zeolite-A (by X-ray diffraction) 
Aluminum (anhydrous basis) 
Calcium Exchange Capacity 
Moisture 
None found 
100% 
19.45% 
323 mg CaCO^/gm 
21.45 % 
Mean Particle Size (Fisher subsieve sizer) 2.55 ym 
Individual Crystal Size maximum; 10 ym 
(Microscopic method) largest average size: 6 ym 
mean : 3 ym 
minimum: 1 ym 
pH 10.85 
Causticity 0.34 % NagO 
SiOg (stock basis) 32.0 % 
Particle Size Distribution 
(Stokes Law Sedimentation) 
Stokes' Diameter, ym % Undersize by Weight 
6.53 98.7 
5.59 95.0 
5.13 95.1 
4.60 90.4 
4.20 83.0 
3.73 76.8 
3.27 62.7 
2.80 52.2 
2.34 28.9 
1.87 14.2 
1.40 9.4 
^Provided by Procter and Gamble. 
1 15 
Fig 
no. 
12 
14 
16 
18 
20 
22 
23 
25 
Experimental conditions and the results of the 
aluminosilicate filtration experiments 
Filter depths Polymer Influent 
n r- r> w (Calt Floc-T) concent. 
^ C D E amount C 
(ml) 
(mg/A) 
49.5 44.0 39.7 34.5 24.5 1 ml polymer 47.9 
diluted to 
2^ ml with 
tap water 
50.5 44.0 38.8 34.8 25.0 1 ml polymer 77.4 
diluted to 
2^ ml with 
tap water 
48.6 43.0 38.8 34.5 25.0 2 ml polymer 77.4 
diluted to 
2^ ml with 
tap water 
50.3 44.2 40.0 34.7 24.8 4 ml polymer 79.7 
diluted to 
2^ ml with 
tap water 
50.3 44.2 40.0 34.7 24.8 8 ml polymer 79.7 
50.3 44.2 40.0 34.7 24.8 1 ml polymer 85.3 
diluted to 
2^ ml with 
tap water 
50.0 44.0 40.0 33.7 25.0 1 ml polymer 81.4 
diluted to 
2^ ml with 
tap water 
50.0 44.0 40.0 34.4 24.6 8 ml polymer 73.6 
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c_ 
c. n Slope Intercept r' 
mm 
cm 
(min) & gr-mm & J 
0.15 4 2.39 -50.66 0.951 0.701 4.85 
0.40 5 0.93 -13.66 0.967 0.383 2.99 
0.30 5 1.44 -30.13 0.914 0.363 4.65 
0.30 5 2.75 -63.69 0.866 0.167 9.14 
0.20 5 
0.23 3 
3.15 
9.44 
-68.07 0.931 
-213.64 0. 715 
0.255 
0.663 
10.46 
13.40 
0.25 4 1.30 -27.69 0.987 0.487 5.29 
0.40 4 1.47 -24.64 0.813 0.224 5.41 
Ill 
each run is shown in Table 15. Polymer was injected by using 
a hypodermic syringe or a diaphragm pump into the filters 
through the air release valves located at the influent end of 
each filter. 
Before each run, the filters were backwashed. High flow 
rates and polymer dosages were used to get breakthrough curves 
in reasonable filtration periods» The change in the shape and 
the slope of the breakthrough curves due to change in the 
approach velocity and polymer concentration were investigated. 
Different methods of polymer injections were tried (49). 
In the experiments which were designed to obtain data to apply 
the theory, polymer was introduced inside the filters using 
a hypodermic syringe and the volume of the polymer intro­
duced was measured. After the injection of the polymer on the 
water column above the sand media, tap water was injected at 
least three times to expell the remaining polymer from the 
inside of the syringe. The distribution of the polymer inside 
the water column on the top of the sand media could visually 
be observed. After injecting the same amount of polymer in 
each filter the run was started by allowing the influent to 
pass through the filters and the rotameters were set for the 
required approach velocities. The influent and the effluent 
turbidities were measured immediately after the start of the 
run. To be able to observe the rapid changes in the shape of 
the breakthrough curve, more frequent measurements were made 
at minute intervals at the start of the run. 
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C. Results of the Experiments and Calculations 
In this section, graphs of the breakthrough curves (C/C^ 
versus time) for each run will be presented. For a certain 
C/CQ value on these graphs, time versus depth values were read. 
Assuming that a straight line relation between time and depth 
2 
exists, the line of best fit was determined and r values were 
calculated. From the slope and intercept of the fitted 
straight lines and F^ values were found and for some runs 
the k^ values obtained by using this method were compared with 
the k^ values calculated using the slope of the breakthrough 
curves. 
Using k^ and F^ values, theoretical breakthrough curves 
were drawn. To determine the correctness of the k^^ and F^ 
values and the approximations made, a comparison was made 
between the experimental data and the theoretical breakthrough 
curves. (See Tables 16-23 and Figures 12-26.) 
Two different sets of values for time and depth were 
obtained in Run 31, one at C/C^ = 0.15 and the other at C/C^ = 
0.35 (see Table 16). During this run. Filter C did not give 
good results, therefore curve C values were not used in the 
3 
calculations. The curve generated using k^ = 701.53 cm /gr-min 
and F^ = 4.85 x 10~ gr/cm provides a good fit to the experi­
mental points (Figure 13). The k^ value obtained from this 
experiment is greater than the k^^ value obtained from the other 
experiments. This might be due to the clean media used in this 
û FILTER A, 49.5 cm 
O FILTER B, 44.0 cm 
V FILTER C, 39.7 cm 
• FILTER D, 34.5 cm 
OFILTER E, 24.5 cm 
50 60 
TIME (MIN) 
Fig. 12. Breakthrough curves of Run 31. 
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Fig. 13. Comparison of the theoretical breakthrough curves with the data of Run 31. 
115 
Table 16. Run 31 data 
For C/C = 0 . 1 5  For C/CQ = 0.35 
Filter Depth Time Filter Depth Time 
(cm) (rain) (era) (rain) 
E 24.5 13 E 24.5 42.5 
D 34.5 23.5 D 34.5 55.0 
C 39.7 C 39.7 
B 44.0 55 B 44.0 78.0 
A 49.5 71 A 49.5 106.0 
Intercept = 50.66 (rain) Intercept = -22.71 (rain) 
Slope = 2.39 (rain/cm) Slope = 2.44 (min/cm) 
= 0.951 r^ = 0.924 
k^ = 714.82 (cra^/gr-min) k^ = 569.07 (cm^/gr-min) 
F^ = 4.77 X 10 ^ (gr/cra^) F^ = 4.87 X 10~^ (gr/cra^) 
experiment. (The sand in all of the five filters was replaced 
before Run 30.) 
Also, the values of for curves A and B were calculated 
using Equation 110 which was presented in the theory section 
(see Table 17). 
Table 17. values of Run 31^ obtained using Equation 110 
Curve A Curve B 
C/Co 
3 k^ (cm /gr-min) C/Co 
3 k^ (cm /gr-min) 
0.06 740.3 0.30 795.3 
0.30 546.8 0.40 478.4 
0.35 504.3 0.50 417.5 
^The initial concentration was; 47.9 x 10 ^ gr/cm^. 
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Table 18. Run 34a data 
For C/C = 0.40 
Filter Depth (cm) Time (min) 
E 25.0 10.0 
D 34.8 19.0 
C 38.8 22.0 
B 44.0 24.5 
A 50.5 35.0 
Intercept = -13.66 (min) 
Slope = 0.926 (min/cm) 
r^ = 0.967 
= 383.50 (cm^/gr-min) 
F^ = 2.99 X 10 ^ (gr/cm^) 
Table 19. Run 34b data 
For C/C = 0.30 
o 
Filter Depth (cm) Time (min) 
E 25.0 9.0 
D 34.5 17.0 
C 38.8 24.5 
B 43.0 27.5 
A 48.6 45.0 
Intercept = -30.13 (min) 
Slope = 1.44 (min/cm) 
r^ = 0.914 
= 363.30 (cm^/gr-min) 
Fg = 4.65 X 10 ^ (gr/cm^) 
A FILTER A, 50.5 cm 
O FILTER B, 44.0 cm 
V FILTER C, 38.8 cm 
• FILTER D, 34.8 cm 
O FILTER E, 25.0 cm 
50 60 70 
TIME (MIN) 
Fig. 14. Breakthrough curves of Run 34a. 
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Fig. 15. Comparison of the theoretical breakthrough curve with the data of Run 34a. 
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Fig. 16. Breakthrough curves of Run 34b. 
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Fig. 17. Comparison of the theoretical breakthrough curve with the 
data of Run 34b. 
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Table 20. Run 35a data 
For C/CQ =0.30 
Filter Depth (cm) Time (min) 
E 
D 
C 
B 
A 
Intercept = -63,69 (min) 
Slope = 2.75 (min/cm) 
r^ = 0.87 
= 166.92 (cm^/gr-min) 
F = 9.14 X 10 ^ (gr/cm^) 
24.8 
34.7 
40.0 
44.2 
50.3 
13.5 
2 6 . 0  
31.0 
61.5 
83.5 
Table 21. Run 35b data 
For C/C = 0.20 
o 
Filter Depth (cm) Time (min) 
E 24.8 17.5 
D 34.7 36.5 
C 40.0 48.0 
B 44.2 68.5 
A 50.3 100.0 
Intercept = -68.07 (min) 
Slope = 3.15 (min/cm) 
r^ = 0.931 
= 255.53 (cm^/gr-min) 
Fq = 10.46 X 10 ^ (gr/cm^) 
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Fig. 18. Breakthrough curves of Run 35a. 
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Fig. 19. Comparison of the theoretical breakthrough curve with the data of Run 35a. 
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Fig. 20. Breakthrough curves of Run 35b. 
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Fig. 21. Comparison of the theoretical breakthrough curves with the data 
of Run 35b. 
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Run 36 ; Run 36 was made with an approach velocity of 
10 m/hr using 1 rag/1. Cat floc-T and an influent concentration 
of C^ = 85.3 X 10 ^ gr/cm^. Analyzing the data in the similar 
way it was calculated that for C/C^ = 0.23, = 66.3 cm^/gr-
min and = 13.4 x 10 ^ gr/cm^. However, the theoretical 
breakthrough curves obtained using the above values of k^^ and 
F^ did not show a good agreement with the experimental data. 
Table 22. Run 38 data 
Approach velocity is 30 m/hr in this experiment and 1 ml 
Cat Floc-T diluted to 2.5 ml with tap water is injected. 
For C/C_ = 0.25 
o 
Filter Depth (cm) Time (] 
E 25.0 -
D 33.7 17.0 
C 40.0 23.0 
B 44.0 29.0 
A 50.0 38.0 
Intercept = -27.69 (min) 
Slope = 1.30 (min/cm) 
r^ = 0.987 
kj^ = 487.38 (cm^/gr-min) 
Fq = 5.29 X 10"3 (gr/cm^) 
A FILTER A, 50.3 cm 
O FILTER B, 44.2 cm 
• FILTER D, 34.7 cm 
O FILTER E, 24.8 cm 
0 6 0 CD 
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Fig. 22. Breakthrough curves of Run 36 
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Fig. 23. Breakthrough curves of Run 38. 
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Fig. 24. Comparison of the theoretical breakthrough curves with the data of Run 38. 
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Table 23. Run 44 data 
Approach velocity is 30 m/hr and 8 ml of Cat Floc-T is injected 
For C/C = 0.40 
o 
Filter Depth (cm) Time (min) 
E 24.6 
D 34.4 29 
C 40.0 33 
B 44.0 34 
A 50.0 53 
Intercept = -24.64 (min) 
Slope = 1.47 (min/cm) 
r^ = 0.813 
= 223.58 (cm^/gr-min) 
= 5.41 X 10 ^(gr/cm?) 
Slope of Curve A at C/C^ = 0.50 is; 4 x 10 ^ min ^ 
= 4 X 10"3 min"^ 
Since CQ = 73.6 X 10 ^ (gr/cm^), = 217.4 (cm^/gr-min) 
which is very close to the value of k^ obtained above 
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Fig. 25. Breakthrough curves of Run 44. 
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ig. 26. Comparison of the theoretical breakthrough curve with the data of Run 44. 
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D. Scanning Electron Microscope Observation of 
Particle Deposition and Adsorption 
Visual observation of the accumulation of the particles 
in a deep bed filter was useful in interpreting the mechanisms 
involved in particle deposition. The theory of the kinetics 
of filtration and the headloss development depends on the way 
the material deposits on the filter media. The observation of 
particle deposition provided information about the relative 
importance of different forces like gravity, inertia and 
adsorption which are assumed to play an important role in 
filtration. 
This part of the research was undertaken to observe 
particle deposition on sand grains in the pilot plant filter 
described earlier. The purpose of the experiments was to 
observe how and where the particles would accumulate as a 
solution of calcium aluminosilicate was passed through the 
filters. Samples from different depths of the filter media 
were obtained and observed under scanning electron microscope 
to reveal the details of the particle accumulation after 
filtration (see Figures 27 and 28). The details of the tech­
niques and the results of this study are being published 
elsewhere (50). The results seemed to indicate extensive 
adsorption of particles on the sand surfaces. To be able to 
detect adsorption of aluminosilicate particles on the sand 
surface, sand grains were attached to a carbon stub (sample 
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Fig. 27. Sand grains at a filter depth of 46 cm, 300 X 
135 
Fig. 28. Sand grains at a filter depth of 7 cm, 500 X. 
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holder) and stub was inserted into a suspension of alumino-
silicate. The settling of particles on the sand grains was 
avoided by inserting the stub upside down. 
Particles could also deposit on the sand grains if the 
suspension clinging to the stub was evaporated to dryness 
before viewing under the electron microscope. To eliminate 
this possibility the stub was rinsed before drying in distilled 
water. Even though the sand grains were held in the suspension 
of aluminosilicate for three hours, very few particles were 
adsorbed from the suspension (Figure 29). Therefore, the 
particles removed during filtration (Figures 27 and 28) must 
have been collected on the sand surface by mechanisms other 
than or in addition to adsorption. It is possible that the 
rinsing procedure may have removed substantial amount of 
deposited particles however. 
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wm 
Fig. 29. Aluminosilicate particles (Arrow) found in the adsorption 
experiments, 3000 X. 
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V. RESULTS AND DISCUSSION 
The exactness and completeness of the mathematical models 
depend on the validity of the assumptions they are based on. 
Due to our incomplete understanding the real essence of the 
natural phenomena, all of the mathematical methods we develop 
are approximate. Also the mathematical techniques we know are 
limited and sometimes the assumptions are chosen so that they 
fit the mathematical model which can best approximate the 
process. As we learn more about the processes and as we 
develop better mathematical techniques we can increase the 
exactness of the mathematical models. No matter how approxi­
mate the mathematical methods are, they summarize the variables 
which describe the system and they are therefore very useful in 
practical applications. 
The phenomena of particulate removal during filtration 
through a porous granular bed, which was investigated in this 
study, is very very complex and the mathematical technique 
used required simplified forms of the mass balance and kinetic 
2 
equations. The diffusional term - D £ and the term 
9x 
of the mass balance equation were neglected. The mathematical 
form of the "clogging-declogging" equation of filtration: 
II = ki(Eo-YO) c - kjO (6) 
used in the derivations is such that, just by changing the 
variables the Langmuir equation: 
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I t  =  k a ( a  -  ( 4 )  
adsorption can be assumed to be taking place in the filter. 
The similarity between the mass balance and the kinetic equa­
tions of filtration made it possible to use mathematical 
techniques which had already been used to solve equations 
relating to adsorption and ion exchange processes. A success­
ful fit of the theoretical results to the experimental filtra­
tion data might be interpreted as having demonstrated that 
adsorption plays a very important role in filtration or that 
the assumed clogging-declogging kinetics have the same mathe­
matical form as the adsorption kinetics. As long as the 
kinetic equation is kept in the same mathematical form, differ­
ent clogging-declogging kinetics can be applied using the same 
theoretical approach presented. Most of the simplifications 
made to simplify the analytical solution of the mass balance 
and the kinetic equations of filtration (Equation 89) have 
been mentioned in the adsorption literature. By assuming 
k^ >>> 3^2, a linear relation between t (time) and x (depth) 
was suggested but the second term of the kinetic equation (the 
declogging term) was assumed to be negligible. Application of 
the resulting equation (Equation 105) to the experimental data 
of the other researchers and to the experimental results 
obtained from experiments especially designed to see this 
linear relationship gave satisfying results. In some cases, 
it was found out that the data for some filtration systems did 
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not result in a good straight line relation. In such systems 
the assumed kinetic equation might not be accurate enough to 
describe the filtration kinetics of that system. In one 
published case, however the lack of importance of the second 
term in the kinetic equation was also justified by the author; 
"In case of sand medium, however, it appears that when using 
an iron floe a progressive change in the ability of the sand 
to remove floe is apparent result of an irreversible adsorption 
of iron on the sand surface" (40). This explanation might be 
one of the reasons why quite a good fit of theoretical and 
experimental results were obtained for iron filtration data. 
Figures 30-a and 31-a are drawn to illustrate how the 
slope and location of the breakthrough curve can be changed by 
changing k^ and P^. The effect of the same changes in the 
values of k^ and on the time-depth straight line are 
shown in Figures 30-b and 31-b. It is possible to choose the 
constants k^ and F^ so that the theoretical breakthrough 
curve obtained by using Equation 105 will approximately fit 
any experimental breakthrough curve. 
In cases where the time versus depth graph gives a 
straight line relationship, the theoretical filter capacity 
and the coefficient k^ can be calculated from the slope 
and intercept of the straight line. Using these two constants 
or the constant k^ which can be obtained from the slope of 
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Fig. 30a. Effect of on the slope of the theoretical breakthrough 
curve. 
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Fig. 31b. Effect of FQ on the time-depth straight line. 
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the breakthrough curve at any point, the remaining portions of 
the breakthrough curves can be extrapolated. Also using this 
method, it is possible to calculate the critical bed depth and 
the effects of the velocity and initial concentration which 
play an important role in the design of deep bed filters. 
In cases of continuous polymer addition in which the 
amount of polymer added to each filter was changed, changes in 
the slope and shape of the breakthrough curves were observed 
and it was possible to find optimum polymer concentrations for 
different filtration conditions. These changes in the slope 
and shape of the breakthrough curves can be summarized by 
drawing the time-depth straight lines that can be obtained 
from two, or more than two breakthrough curves for different 
depths. The effects of a change in polymer concentrations and 
approach velocities on the slope and intercept of the straight 
lines are shown in Figures 32 and 33. Optimizing the polymer 
amount added to each filter by using this method is better 
than using a jar test apparatus because a jar test apparatus 
doesn't really simulate the conditions in a filter. In a jar 
test apparatus, particles coagulate by coming into contact 
with each other under the influence of a mechanical shear and 
a certain dosage of coagulant. In a precoated deep bed filter, 
suspended solid particles come into contact with a coated 
media surface under the existence of different physical condi­
tions of mechanical shear and opportunity for removal. 
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Fleer (51) has demonstrated the difference between the 
conventional way of coagulating particles of adding polymer to 
t  
the whole suspension and the "two portion method" in which the 
suspension is divided into two parts and the polymer is added 
to the first part to cover all the surface area of the solids 
in this first portion after which the two parts are mixed 
together. By using the two portion method" he was able to 
achieve a "very reproducible and efficient flocculation." As 
in the two portion method of Fleer, a precoated filter media 
might act as the first portion of the suspension which is 
exposed to all of the polymer dosage, a process that cannot 
be simulated in a conventional jar test. 
A more accurate idea about the effect polymer concentra­
tion on the course of filtration can be obtained by observing 
the changes in the intercept and slope of the time-depth 
straight line as the polymer concentration is varied. A more 
realistic estimate of the optimum dosage than that obtained 
from jar tests can be expected using this method because the 
optimization is made using actual filter conditions and 
numerical values of the constants and F^ can be obtained. 
The effect of the increase in the polymer concentration on 
the slope and intercept of the time-depth straight line rela­
tionship at a constant approach velocity of 25 m/hr and at 
C/Cg = 0.6 is shown in Figure 32. As the initial polymer con­
centration injected into the filter increases, the slope of 
the straight line increases indicating higher F^, initial 
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filter capacity, values. The effect of the change of the 
approach velocity, using 1 ml Cat Floc-T, on the slope and 
intercept of the straight line is shown in Figure 33. As the 
approach velocity increases, the slope of the straight line 
decreases. The straight lines in both of the figures seems to 
converge at one point. As time and depth decreases beyond 
this point, it is expected that the experimental points will 
deviate from a straight line relationship and will approach to 
the origin, probably in an exponential manner. 
It would be interesting to compare the results of the 
breakthrough curves obtained by continuous polymer addition 
with the results of the method of polymer addition used in the 
experiments of this study which consisted of an initial dose 
applied with an hypodermic syringe. Dosing the filter media 
with polymer before the run starts coats the filter media for 
only a short time and the capacity of the polymer is quickly 
exhausted as the run proceeds. 
Application of the mathematical methods used in adsorption 
and in ion exchange to deep bed filtration gave promising 
results. It would be desirable to obtain more breakthrough 
data for different filtration systems and to plot their time 
versus depth graphs. The accuracy of the k^ and values 
could be confirmed by calculating the values obtained using 
the data generated by other researchers. 
The methods developed in this study can be used in 
optimizing polymer addition in deep bed filtration. By being 
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able to calculate and (the critical bed depth) 
it should be possible to improve the design and operation of 
deep bed filters. 
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VI. CONCLUSIONS 
Using the similarities between the adsorption and filtra­
tion phenomena an attempt was made to find an analytical solu­
tion for the two basic mass balance and kinetic equations of 
filtration. A detailed derivation of the mass balance equation 
of filtration was presented using a different approach and it 
was pointed out that some of the prior mass balance equations 
of filtration given in the literature had been in error 
because the variations in porosity with time during the filter 
run were not considered in the derivation of the equations. A 
"clogging-declogging" kinetic equation suggested by Herzig 
et al. (24), which was similar to the Langmuir equation of 
adsorption, was chosen and by making use of the mathematical 
methods first applied to solve the mass balance and kinetic 
equations of adsorption and ion exchange, a detailed analytical 
solution was obtained. 
The analytical solution contained functions which were 
difficult to evaluate. Simplifications in these functions 
were made and the resulting equation that has been derived is 
relatively simple but appears to have wide, practical applica­
tion for deep bed filtration. The conclusions of this theo­
retical approach can be stated as follows ; 
1. For certain filtration systems, a linear relation 
between the time of filtration and the depth of the filter was 
obtained by using the data of the other researchers. 
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2. Such straight line graphs, with coefficients of 
2 determinations, r , close to 1.000 tend to support the 
validity of the assumptions made in the simplification of the 
functions. Furthermore, it was shown that a technique similar 
to the "Bed Depth Service Time" (BDST) method of adsorption 
can be applied to deep bed filtration. 
3. In those cases where a straight line relation between 
the filtration time and filter depth was obtained, the detach­
ment coefficient k2 of the kinetic equation appears to be 
negligible when compared with the attachment coefficient . 
The intercept and the slope of the straight line were used in 
calculating numerical values for kj^ and the initial filter 
capacity • respectively. The value of the filter depth 
where the straight line intersected the abcissa gives the 
value of the critical bed depth, , directly. This is an 
important parameter in the design of deep bed filters. Using 
the computed values of k^^ and F^, it was possible to draw 
theoretical breakthrough curves which when compared with the 
experimental data fit the data reasonably well and can be 
used in extrapolation of the experimental data. 
4. Experiments conducted with filters of different 
depths demonstrated that there was a straight line relation­
ship between time and depth of filter. The results of the 
experiments supported the results obtained using data collected 
from the literature. 
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5. It was experimentally observed that the increase of 
the approach velocity caused a decrease in the slope of the 
time-depth straight line which corresponded to the inverse 
proportionality between the approach velocity and the slope of 
the straight line that was predicted by the simplified analyti­
cal solution. 
6. Increasing the polymer concentration initially applied 
to the filter had the effect of increasing the slope of the 
time-depth straight line. This indicates that an increase in 
the initial filter capacity was the result of increasing the 
polymer concentration. Since the effects of the polymer dosage 
applied could be measured as changes in the magnitude of the 
slope and intercept of the straight line this method was sug­
gested as an optimization method of polymer application for 
deep bed filters. 
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IX. APPENDIX; DERIVATION OF THE MASS BALANCE 
EQUATION OF FILTRATION 
The purpose of this appendix is to derive a mass balance 
equation for the removal of the suspended solids as water flows 
through a filter media. The approach used to derive the mass 
balance (or the continuity equation) overcomes some of the 
weaknesses of earlier approaches that have been discussed in 
the literature review section. 
A. Definitions and Derivation 
1. Definitions 
Consider the flow of water containing suspended solids 
through a granular filter media as shown schematically in 
Figures lA and IB. 
Volumes ; 
Vp = pore volume 
Vg = solid volume 
V^ = deposit void volume 
V = media volume 
m 
V^ot ~ A*Ax = Total volume = + V^ + V^ + V^, where "A" 
is the area of the empty filter. 
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POROUS MirnT/\ 
AREA = A 
Fig. A-1. Schematic model of a filter. 
0.1 
SUSPENSION f o 
•SUSPENSION FLOWING THROUGH PORES 
OF BED WITH INTERSTITIAL VELOCITY 
Vi. IT HAS A SUSPENDED SOLIDS 
CONCENTRATION OF C. 
VOIDS OF THE DEPOSIT 
SOLID FILTER MEDIA 
x+ Ax 
Fig. A-2. Schematic model of a unit volume of a filter. 
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Volume Ratios; 
y Pore volume (The voids of the deposit 
_ p _ are not included) 
V^Q^ Total filter volume 
eI = ^ _ Pore Volume + Deposit void volume 
V^Q^ Total filter volume 
_ ^v _ Deposit void volume 
p Vg + V Total voliame of the deposit (Deposit 
void volume + solid volume) 
= Porosity of the deposit 
_ ^s ^ ^ v _ Volume of the total deposit (Solid + voids) 
t ^Tot Total filter volume 
y Volume of the deposit (The voids of the 
_ s _ deposit are not included) 
V^Q^ Total filter volume 
_ ^s _ Volume of the solid part of the deposit 
p Vg + Vy Total deposit volume (Solid + Voids) 
Mass of solid part of the deposit 
Total volume of filter 
Note that - e = where is the initial porosity 
of the clean filter before deposition begins. Also = 1 -
V V 
because O _  = 1 - ^ - and ^ ^  =  E  . The solution 
P Vg + Vy Vg + Vy P 
approach velocity, ~ ^  where Q is the flow rate (L^/t). 
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C = suspended solids concentration expressed as mass/ 
volume of solution (M/L^), 
C = Volume fraction of particles which is the volume of 
particles per unit of suspension volume. 
Mass of solids p = deposit solids density which is 
Ts + Vv 
pg = solids density which is solids 
Also, note that, 
a ' = pa 
t 
= PgCT 
because : 
, _ Mass of solid part of deposit 
^ ~ Total volume of filter 
Mass of solid 1 (v + V ) Mass of solid ^ 
part of deposit] s v part of deposit s_ 
+ V • \ot • .  • Vt 
^t Ps 
2. Derivation 
Figure A-3 shows a schematic cross section of a unit 
volume of the filter. The cross sectional area of the pores 
will be equal to eA, The volume occupied by the pores in the 
differential element Ax will be eAAx. The mass of the 
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FLOW OF WATER 
PORE AREA THROUGH 
WHICH SUSPENSION FLOWS 
AREA OCCUPIED BY 
THE SOLID FILTER 
MEDIA = (1 - E)A 
TOTAL AREA = A 
Pig, A-3. Cross section of a unit volume of a filter. 
suspended solids (that is not yet deposited) in the pores of 
the differential element Ax will be = C'eAAx. 
Here the definition of e does not contain the volume of 
the voids in the deposit. Therefore, the term (eAAxC') does 
not contain the mass of the suspended solids inside the voids 
of the deposit. In using (eAAxC')/ we assume that there are 
no suspended solids within the voids of the deposit. If we 
wish to include the suspended solids within the voids of the 
deposit, we can assume that the concentration inside the void 
volume is equal to the concentration inside the pore volume 
Vp. Then we can use e' which contains the deposit void volume 
by definition. Thus, the term (e'AAxC) can be used if we want 
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to include the mass of the solids inside voids of the deposit. 
The total volume of the differential element = AAx. Since, 
., _ Volume of the total deposit (Solid + voids) 
t Total filter volume 
furthermore, the mass of the solids in the deposit = ( a ^AAx) p .  
The mass of the suspended solids in the solution inside the 
pores of the filter element. Ax, located at any distance x 
from the surface of the filter as shown in Figures A-2 and A-3, 
plus the mass of suspended solids deposited in the filter 
element must be equal to the mass of suspended solids removed 
from the solution in the filter element in the time interval 
"dt." If we assume that the size of the particles are greater 
than 1 ym we can neglect the diffusional flux of particles. 
Thus we can write: 
•|^  lAAxeC* + a^ AAxp] = Av^ C - Av^C 
X 3 
(A-1) 
x+Ax 
Solids Solids 
in pores in deposit 
As previously stated v^ is defined as the solution approach 
velocity. The term on the left hand side of the equation is 
equal to the change of the mass of total solids (solids in the 
pores + solids in the deposit) with respect to time and has the 
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dimensions M/t, The right hand side of the equation has the 
same units. 
If each side of Equation A-1 is divided by AAx: 
3 Va(C 
leC + CT, pj = X - C 
at ^ t^ Ax 
and for the limit as Ax ->• 0 : 
x+Ax^ 
or 
9 ( e C '  +  a . p )  
li-
a (EC) , „ 9c' 
9t 9t ^a 3x 
Using the relationship, a'  = po y^ as it was defined before, 
the above equation becomes ; 
Note that, in this equation both C' and a'  have the units 
(M/L^) and that v^ the approach velocity has the units (L/t). 
The time, t, is measured from the beginning of the filter run 
and the distance, x, through the filter is in the direction of 
flow. Also, note that porosity of the filter, e, is inside the 
partial differential and that it also changes with time and is 
not constant. 
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If we expand the term —then Equation A-2 becomes : 
=  ( - 3 ,  
It was noted earlier that: 
e = Eo - "t 
Since, = a'/p, we can write this last relationship as: 
e = e - — (A-4) 
o p 
Differentiating Equation A-4 with respect to "t" we get: 
H = -
Substituting Equations A-4 and A-5 into Equation A-3, we get: 
- ? If '  -  - F > + w' = -  # '  
Collecting the similar terms, we arrive at the revised material 
balance equation which is different from that presented by the 
previously cited authors. 
1 - C' 
P 
Equation A-6 is the mass balance equation derived using 
the assumption that the definition of porosity e contains only 
the volume of the pores (not including the voids), and that the 
voids contain no suspended solids. 
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B, Reexpression of the Mass Balance Equation 
1. The mass balance equation using alternate definitions of p 
and g 
Note that by our definition: 
Mass of solids P = 
Vs + Vv 
The "mass of solids" in the numerator does not contain the 
mass of any suspended solids that are located inside the voids 
of the deposit. The need for this restriction can be elimi­
nated if we define p' as follows: 
P ' = 
Mass of solids of the deposit including 
the mass in suspension in the voids of the deposit 
 ^ J V 
Also since, a' = pa^ we have to define aas 
fMass of solid part of the deposit including the 
(w)' _ [mass in suspension in the voids of the deposit 
(Total volume of filter) 
= p'Ct 
Based on the stated definitions for p' and , then 
the term corresponding to (a^AAxp) in Equation A-1 would be 
written as (a^AAxp'). This expression does account for the 
solids inside the voids of the deposit and we would not have 
to assume that the voids in the deposit contain no suspended 
matter. Equation A-6 can then be written as follows; 
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p- J at 
(A-7) 
2. Derivation of the mass balance equation with an alternate 
definition of porosity 
In the derivation of Equation A-6, we have used the 
expression (eAAxC") to calculate the solids contained in the 
pores of the filter. As was explained earlier this term does 
not contain the mass of any suspended solids inside the voids 
of the deposit, V^. In the following derivation we will use a 
which was defined as : 
= of solids of the deposit 
Total volume of filter 
and Pg = solid density 
Mass of solids 
We can not use and p as they have previously been 
defined because, both and p contain in their definitions 
and this is not consistent with the definition of e'. The mass 
balance for solute will therefore be; 
V 
a 
s 
V. Tot 
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- Av^C 
X a x+Ax 
lAAxe'C' + AAxapg^ = Av^C' 
Solids Solids 
in in 
pores deposit 
+ voids 
In this equation (AAxe) is the volume of the pores and 
voids of the deposit. The term (AAxe')C' represents the total 
weight of solids in the pores and voids (if we assume, for sake 
of simplicity, that the concentration in the voids is equal to 
the concentration in the pores of the filter). 
Dividing each side of the mass balance equation by AAx and 
in the limit as Ax + 0 we get: 
It  'G'C + OPg] = -  V, 
because ap^ = o' the above equation becomes; 
Expanding the first term on the left hand side of Equation A-8: 
e ' = e - a 
o 
Multiplying each side by 
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and differentiating with respect to t. 
P  a e '  =  _  B e '  
Ps 9t 9t 
or 
ao' 
9P. 
9t pg 9t 
In the above differentiation it was assumed that = 0. dt 
This assumption implies that there is no shrinking of the 
deposit as the deposit ages during the filter cycle. 
9e ' Substituting for o, e' and in Equation A-9 and collec­
ting like terms gives ; 
W + (Co -  g-) §§ -  -  l i  
s 
Equation A-10, the revised material balance equation is 
based on the following assumptions: 1) The porosity e' per­
tains to the total volume of the pores and voids in the deposit, 
2) the concentration of the suspended solids C is the same in 
the pores as it is in the voids of the deposit. 
The only difference between Equation A-6 and A-10 is that 
in Equation A-6 p is used instead of p^. 
3. Derivation of the mass balance equation using dimensionless 
terms for C and a 
A dimensionless form of Equation A-2 is obtained by forming 
the material balance equation in a similar way: 
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^ IAAXEC + AAxa].= A V^C 
Volume of Volume of 
solids in solids in 
pores cake 
- A V 
X a x+Ax 
Again if both sides of the equation are divided by AAx and in 
the limit Ax •> 0; 
4#  ^+ I? = - # IA-11) 
The paper by Herzig (24) gives the following mass balance 
equation which includes the diffusional flux of the particles 
which was assumed to be negligible in our derivations : 
= EC) + - D 1%. 0 (A-12) 
3t a 3x 3^2 
(Herzig*s Equation 2) 
Thus, any convenient units of a and C can be used, providing 
that the same units are used for both terms. 
The modification of Iwasaki's equation made by Deb and 
Fox (27) was explained in the literature review section. Re­
writing their modified equation as: 
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Since, e = v^, if we multiply each side of Equation A-13 by 
e, we get ; 
a 
= - A'eC (A-14) 
Substituting Equation A-11 into Equation A-14 and rearranging 
the terms gives: 
or 
= = - w 
do 
9t 
3e 
9t - X ' e (A-15) 
Since, 
3a 
= P 3e 3t 
or 
C-p 
iPEo-ej 
3a 
9t = - X ' c 
Thus, 
DC 
Dt ^ 1 1  =  
C-p 
P E o - C  
3a 
"St 
(A-16) 
This is a restatement of the continuity equation. 
